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In this study, axisymmetric elastic deformation analysis of rotating disks with variable
thickness is conducted using an improved Adomian decomposition method (IADM).
Variation of thickness is assumed as hyperbolic and different variations are employed
for each case considered. Several analytical approximate solutions in different orders are
obtained for radial stress, tangential stress, radial displacement and are compared with
exact solutions. Results show that IADM can effectively be used in the deformation anal-
ysis of rotating variable thickness disks providing the solution as an analytical continuous
function in the solution domain.

Keywords: Rotating disk; variable thickness; Adomian decomposition method; deforma-
tion; stress.

1. Introduction

In various disciplines of engineering, such as mechanical and structural engineering,
rotating disks have a wide application area as the basic parts for machineries such
as turbines, generators, flywheels, pumps, etc. Due to its critical role on design of
these structures, rotating disks require an accurate analysis of displacement and
stresses.

Rotating disk problems have been tackled by different researchers and they
still attract great attention. Gamer performed elastic—perfectly plastic analysis
of rotating solid disks with uniform thickness , } and later the study

was extended for linearly strain hardening materials lgiameﬂ, 19845; 19845; M}

Guven solved rotating solid and annular disk problems assuming variable thickness
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ﬂ&u@, M,M,M] Eraslan and Orcan HM} and [Orcan and Eraslan IQJM]
produced closed-form solutions for elastic—plastic analyses of variable thickness
rotating disk problems. Eraslan and E] investigated effects of the thick-
ness function on limit angular velocities using Von-Misses yield criterion. There

exists also perturbation ﬂ_Ymumd_Zh_&ué, |19_9_d] and numerical solutions m,

|. Elastic—plastic problem was also studied using some analytical approximation

techniques ﬂHQJJ@m_andJai&rj, 2008, IZDQQ] |A]:gﬁsg| ﬂZD_]_j] solved rotating disc prob-

lem with three parameter variation functions including variation both in thickness

and material properties. Zafarmand and Hassani ﬂZQ_lAI] applied the graded finite

element method for the analysis of two-dimensional functionally graded rotating
annular and solid disks. [Eraslan_and Ciftci ﬂ2£)_lﬂ] used an exponential thickness
rofile and solved rotating disk problem analytically and numerically.

m] considered elastic—plastic behavior of a functionally grading rotating disk
under cyclic-thermo mechanical loadings. Sahni and Sahni [ZQL‘:J] considered rotat-
ing functionally graded disks with variable thickness profile under external pressure.
m ﬂﬁ] studied functionally graded rotating disks with variable thickness
and variable angular velocity. [Dai | used a semi-analytical approach
for the thermo-elastic analysis of a functionally graded rotating hollow circular disk.
Kalali et gJJ, Mﬂ] presented an elastic—plastic stress solution for a functionally
graded rotating disk problem. [Thawait et QLJ, 201 djﬂ] studied analysis of variable
thickness rotating disks made of functionally graded materials. Jalali and Shahri-
ari HM} considered elastic deformation analysis of functionally graded rotating
disk using finite difference method. |Allam et all HM} presented semi-analytical
solutions for stress analysis of functionally graded rotating annular disks with arbi-
trary thickness variations. [Bagheri and ,!ahangiri HM] used differential quadra-
ture method for the analysis of in-plane vibration and critical speeds of functionally
graded rotating disks.

Previous works revealed that the stresses and displacements occurring in variable
thickness disks are lower than the uniform disks rotating at the same speed. This
issue may provide possible design choices for more durable disks with less material.

Hence, it is important to use accurate solution techniques. In this study, a modified
Adomian decomposition method is used for solving the variable thickness rotating
disk problem. The method was proposed specifically for singular two-point boundary
value problems MJM] and applied successfully to some fundamental problems
in applied mathematics. The method is also suitable for the use in rotating disk
problems in this sense such that analytical approximations for different variations
in thickness function can be obtained.

2. Variable Thickness Rotating Disks

Equilibrium for rotating disks with thickness variation is considered here without

any derivation. However, the reader may refer to [Ugural and Fenstel IZO_Oj] and
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Fig. 1. Disk of hyperbolic profile.

Timoshenko and Goodie M] for detailed derivations and further information.

The type of disk considered in this study is shown in Fig. [l
Equation of equilibrium for rotating disks with varying thickness is given as
follows:

d
d—(tror) —tog + tpw?r? = 0. (2.1)
r

In the equation, ¢ is the variable thickness, r is the radius, o, is the radial stress, oy
is the tangential (circumferential) stress, p is the mass density and w is the constant
angular speed of the disk in rad/s. Equation (Z1I), the equation of equilibrium, may

be satisfied by a stress function of the following form l[ Jeural and Fensteﬂ, M}

¢ = tro,. (2.2)

Inserting Eq. 22)) into Eq. (1)) produces a relation for tangential stress in the
following form:

d
d—f + tpw?r? = toy. (2.3)
Strain—displacement relations given in Eq. (2.4) as follows:
d 1 1
Er = d—Z:E(UT —vop) €p = % = E(—vor +06)vre =0, (2.4)
lead to the compatibility equation as follows:
du d deg
J—sr—g(rsg)—ar—rﬁ +eg—&,=0. (2.5)

Inserting the strain—stress relations given in Eq. 24) into Eq. 23] in view
of stress functions for radial and tangential stresses given in Eqs. (22)) and (23)
produce the following equation:

a2 rdt\ do v dt
2 1— —— — -—— -1 = — 2 3. .
r d7’2+( tdr)Tdr+<thr )(b (3 + v)pwtr (2.6)
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Fig. 2. Disk profiles for different values of s.

In Eq. (26]), v is Poisson ratio. A hyperbolic profile is assumed for the thickness
in the following form ral and Fenstel, 2003]:

t= tlT‘_s, (27)

t1 is the thickness at radius equal to unity. Figure Bl depicts various disk profiles for
different values of s.

Inserting Eq. (Z7) into Eq. (Z0) gives

d? d
r2df+(1+8) d(f
After solving Eq. (28] for stress function ¢, by putting that solution into
Eq. (22) radial stress can be derived and by putting that solution into Eq. (23])
tangential stress can be derived. Finally, the displacement can be produced from

the stress—strain relations given in Eq. (2.4)).

(1+vs)p = —(3+ v)pw?tr*. (2.8)

2.1. Exact solutions

Exact solutions are obtained for different values of s, from 0.25 to 2.00 with 0.25
increments. Hence, eight different variations are considered. Mathematica software
is used for every mathematical operation in the study. Besides, the reader may refer
to [Timoshenko and Goodie [1970, pp. 82-83] and to Ugural and Fenster 12003, pp.
331 332] for the general form of the exact solution.
For the cases considered in this study, exact solutions are as follows:

For s = 0.25:
—6.8391 % 1075 + 0.03167-2-08866 _ (). 4599,-3-91933
Ir = 1.91933 : (2.9)
For s = 0.5:
—6.8997 % 107° 4 0.0543r2:20227 _ (. 5196-3-85114
oy = . (2.10)

p1.85114
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For s = 0.75:
—6.6832 % 107° + 0.081017%-3372 — (.5972y3-7936
or = : (2.11)
p1.7936
For s = 1.00:
—6.2724 % 1077 4 0.1252r248998 _ (7019374499
or = 1.74499 : (2.12)
o
For s = 1.25:
—5.7502% 103 + 0.20199-2:65754 _ () 8516-3-70377
or = : (2.13)
7170377
For s = 1.50:
—5.1845 % 107° + 0.344372-83725 _ 1,0819y3-60863
or = : (2.14)
166863
For s = 1.75:
—4.6231 % 107° 4 063847392696 _ 1 4831,-3-63848
or = : (2.15)
163848
For s = 2.00:
—4.9604 % 107° 4 1.3809873-2249 — 2.357147-3-61245
Ir = : (2.16)

p1.61245

s = 0 corresponds to constant thickness rotating disk case. This problem was pre-
viously examined by \Coskun and Kard V|2Q1§] The case s = 1 was also previously
solved by [Mert Kutsal and Coskurl [2018)].

In the following sections, first, the method used in this study will be outlined and
then it will be applied to different cases for which the exact solutions are given above.

3. Improved Adomian Decomposition Method (IADM)

Many problems in applied mathematics end up with a two-point boundary value
problem of the form

u”(z) + p()u (z) + q(2) f (u(z)) = r(z), (3.1)

subject to the boundary conditions u(a) = o and u(b) = b. In Eq. p(x), q(x)
and r(x) are functions and a, b, « and S are finite constants. [Ebaid %] proposed
an operator based on the work by ] The use of this proposed operator
with Adomian decomposition method [Adomian, 1994] generated an IADM for solv-
ing singular boundary value problems. By using TADM an analytical approximation
for Eq. (Z8) can be obtained from following equation:

T —a

b—a
— L [p(x)u’ ()] — Lz [g(x) f (u(x))]. (32)

u(z) = u(a) + [u(b) — u(a)] + Ly [r(x)]
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TADM uses Eq. (32)) for the solution with the following inverse operator ,

2011)):
—/wdx’/:E,()dx” — bdw’
B a c b—a a

provided that a # b and ¢ is arbitrary. According to ADM dependent variable u
and nonlinear term f(u) may be decomposed as follows:

=Y u, flu)=>» A, (3.4)
n=0 n=0

where A, is Adomian’s polynomial which can be calculated from the well-known

A, = ldA" (Z Auﬂ n > 0. (3.5)
A=0

Substituting Eq. 33) into Eq. 32)) in view of Eq. (84]), the solution can be
computed from the recurrence relations given as follows:

g () —ul@)] + Ly [r(z)]
a (3.6)

uns1(w) = =L [p(x)uy, (2) + (@) An(z)] n >0,

(3.3)

formula as follows:

uo(z) = u(a) + r-a

4. Case Studies

A rotating annular disk having parabolic profile with inner radius of 0.05m and
outer radius of 0.25m is considered. The disk is subjected to centrifugal inertia force
as can be introduced as body force in the equation of equilibrium. The boundary
conditions for this problem are (o )r—rinner = 0 and (07 )r=router = 0. The thickness
at inner boundary is 0.075m. Taking modulus of elasticity as 200 GPa, Poisson’s
ratio as 0.3 and pw? as unity. In the solution, the dimension used for F is Pa, for r
is m, p is kg/m? and for w is rad/s that lead to the dimension of displacement is m
and the dimension of stress is Pa. Stresses and deformation are investigated using
TADM.

In order to clear the application process, some intermediate results and the
second order solution for the case of s = 1.5 is given as follows.

The use of Eq. [B.6]) provides an initial approximation for radial stress as

om0 = —0.020625 + 0.4957 — 1.6572, (4.1)

where radius r varies between ripper and router. Inserting Eq. (@) into the second
equation in Eq. (B3] for n > 0, the next approximation term becomes

o1 = 0.1699 — 0.364351417 + 0.866251°
+0.04021875 Ln(r) 4 0.22275r Ln(r). (4.2)
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Fig. 3. Comparison of radial stresses for different values of s.

2050002-7



Int. J. Appl. Mechanics 2020.12. Downloaded from www.worldscientific.com

by KOCAELI UNIVERSITTY on 07/23/20. Re-use and distribution is strictly not permitted, except for Open Access articles.

S. Mert Kutsal & S. B. Coskun

T T T T T 0045 = 3
006F ™, e 2nd Order — — 8th Order g %
o [pesese HhOrder -—---- 10th Order 0.040 ]
2 004[ '\ - BthOrder Exact @ 0035} ]
3 : B 000F ey 3
m m
= 003p 2 0.025F 3
=y = S L RIS, -, S
& ] T 2nd Order gth Order T,
~ 0024 P
0015k -nnn- 4th Order = =-=-= 10th Orde 1
0o01f 0.010 ft=—=_= - 6th Order Exact e
0.05 0.10 014 0.20 0.25 0.05 0.10 0.15 0.20 0.25
Radius Radius
(a) s =0.25 (b) s =0.50
003sf " 0.030 [1 i
@ 0.030f T @
8 2 ooosf
Bogosf e @
= F R = 0.020f
§, 0020f 1 g
2 TR T 2ok [ 2nd Order — 8t Order
= 0015E | I 10th Orde [ N IR 4th Order  «=v=.= 10th Order|
oomk — - - Gih Order Exact ook = = = - fth Order Exact
0.05 0.10 0.15 0.20 0.25 0.05 0.10 0.15 0.20 0.25
Radius Radius
(¢) s =0.75 (d) s =1.00
0.030 0.030
@ @
§ 0.025 § 0.025
n 7]
2 0.020 2 0.020
= | el
Li4] ©
o | S 2nd Order — — 8th Order roppy S R 2nd Order — — 8th Order
& 0.015F G 0.005}
[ I T 4th Order = =+=-= 10th Orde = feeee- 4th Order  ==+=-= 10th Orde
00tk = = - Gth Order Exact 0010 = = - Gth Order Exact
0.05 0.10 0.15 0.20 0.25 0.05 0.10 0.15 0.20 0.25
Radius Radius
(e) s=1.25 (f) s = 1.50
0.035 0.035 T 7
0.030 B 0.030
@ w
3 0.025 ] $ 0.025
17} 7]
0020 { = 0.020
£ S 0.015
=2 0mMsE 2nd Order — — 8th Order B . -« 2nd Order — = 8th Order
=2 4th Order = =:=-= 10th Orde 2 ] S 4th Order  -=---- 10th Orde
0.010F B
- - - 6th Order Exact 0.00sf - - - 6th Order Exact
0.005F g 0.000F
0.05 0.10 0.15 0.20 0.25 0.05 0.10 0.15 0.20 0.25
Radius Radius
(g) s=1.75 (h) s =2.00

Fig.

4. Comparison of tangential stress diagrams for different values of s.
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Hence, a first-order solution for radial stress may be obtained as follows:
oM = 0,0+ 0p1 = 0.149375 — 0.85635141r — 0.78375r
+0.04021875Ln(r) 4+ 0.22275r Ln(r). (4.3)

The results for radial stress, tangential stress and radial displacement are com-
pared graphically in Figs. Bl @ and Bl The results suggest that fourth order solutions
for radial and tangential stresses are in good agreement with the exact solutions for
s > 0.75. Additional terms improve the accuracy to provide a perfect agreement.
Variations for s < 0.75 require two more approximations for the same order of
accuracy. Radial displacements require additional one or two terms. A tenth order
solution for all stresses and radial deformation have perfect agreement with the
exact solutions for all the variations considered in this study.

5. Conclusions

Stress and deformation analyses of a variable thickness rotating disk are considered
with the use of an improved Adomian decomposition technique. The method was
previously used in the solution of some singular differential equations in applied
mathematics like Lane Emden equation.

Adomian decomposition method is an analytical approximation technique which
was successfully used in the solution of linear/nonlinear deterministic/stochastic
ordinary/partial differential equations.

Since the deformation problem of variable thickness rotating disk leads to a
singular two-point boundary value problem, TADM has a possible application area
in the problem presented in this study.

To this aim, a hyperbolic variation in thickness was assumed and a parametric
study was conducted based on the variation in thickness of the disk. Solutions with
different orders for radial stress, tangential stress and radial displacement were
obtained for each case to investigate the order of solution sufficient to represent
the solution adequately. Hence, second order, fourth order, sixth order, eighth order
and tenth order solutions were obtained for each assumed thickness variation. Total
number of cases is eight for all radial and tangential stresses and radial displacement
that lead to total 120 solutions included in the study.

The results show that fourth to sixth order solutions are in good agreement
with the analytical solutions for assumed variations with s > 0.75. While s < 0.75
two more approximations are required for the same order of accuracy. Eighth order
solutions have perfect agreement with the analytical solutions for assumed variations
with s > 0.75. For s < 0.75 tenth order solution provide prefect agreement.

Comparison of results given between Figs. Bl and Bl suggest that IJADM can be
successfully used in the deformation analysis of variable thickness rotating disks
with a predefined mathematical expression for thickness variation in the interval
where the problem is defined.
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