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Abstract. In this paper, using some special numbers and combinatorial identities, we show some interesting
congruences: for a prime p > 3,

(p=1)/2 .
C 2=l (L 5

> ko 22 _9) —5(2)+9 (mod p),
9k(k + 1) p \3r2 p

k=0

(pi/z M\NHE _ 2/ 1 (P‘l)/z(p)B 1\ (mod )

< \k)3 =733 3)°r2\3 P,
(=12

Zk) Fe 1 ,
z ————— = —(Fu-3p)2 — Fasspy2) (mod p?),

k P p

~ (k FQk+ 1) 2p

where By, (x) is the Bernoulli polynomial, C,,, H,, F, and L,, are the nth Catalan number, the nth harmonic number,
the nth Fibonacci number and the nth Lucas number, respectively. (;) denotes the Legendre symbol.

2000 Mathematics Subject Classification: 11B39, 05A10, 05A19.

1. Introduction
The Fibonacci sequence {F,,} and the Lucas sequence {L,} are defined by the following recursions:
Fop1=Fy+F,—1 and Lyyy=Ly+ Ly, n>0,

where Fp = 0, F{ = 1 and Lo = 2, L1 = 1, respectively. If a and f are the roots of equation x2—x—-1=0,
the Binet formulas of the sequences {F},} and {L,} have the forms

o' — an

F,
n a—p

and L, =a"+ B",

respectively.
The Pell sequence { P, } and the Pell-Lucas sequence {Q, } are defined recursively by

Poy1=2P,+ P,y and Qpi1=20,+0n-1, n>0,

in which Py = 0, P; = 1 and Q¢ = Q; = 2, respectively. If y and ¢ are the roots of equation x> — 2x — 1 = 0,
the Binet formulas of the sequences { P,} and {Q,} have the forms
n__ sn
Pp=—— and Q,=7y"+/",
y —0
respectively.
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The harmonic numbers have interesting applications in many fields of mathematics, such as number theory,
combinatorics, analysis and computer science. Harmonic numbers H,, are defined as forn > 0

n

Hn:Z%a

k=1
where Hy = 0. The first few harmonic numbers are 1, %, 1—61, %, ... and for m € N, harmonic numbers of order m
are those rational numbers
21
H(),m = O, Hn,m = Z k—m, n > 0.
k=1

Some elementary combinatorial properties of the Catalan numbers are given in [3,4,9,15]. The Catalan numbers

are given by
1 /(2 2 2
C, = )= (") - . , nelN.
n+1\n n n—+1

Bernoulli numbers B, and Bernoulli polynomials B, (x) are defined by

n—1
n
By=1 d B, =0 =2,3,4,...),
0 an kE—O(k) X (n )

n

Byx) = (”)ka"—" n=012..),

k
k=0

respectively [5].
For a prime p and an integer a with p { a, we write the Fermat quotient ¢, (a) = (a” —1'—1)/p. For an odd prime

p and an integer a, (%) denotes the Legendre symbol defined by

0 if pla,
a
(—) =11 if a is a quadratic residue modulo p,

—1 if a is a quadratic nonresidue modulo p.

In [16], Z. W. Sun obtained that
(p—1)/2 (Zk)

Z ﬁ - (M) (mod p),

k=0 p
and
(p_zl)/z (Zkk) m m—4 (m(m—4) (mod p)
—_— = — — mo
mkk+1) 2 2 p Pl
k=0
where p is an odd prime and m is any integer not divisible by p.
Let p be a fixed prime > 3. Define
-1
xP—x -1 -1 =
= d G = —,
q(x) > and G, (x) k; o

where x is a variable.
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In [2], A. Granville showed that

q(x) =—-Gi(x) (mod p),
G2(x) = G2(1 —x) + xG2(1 — 1/x)  (mod p),

g(x)> = —2xPGr(x) —2(1 — xP)G»(1 —x) (mod p).

The author gave that for any integer n > 1

n—1

(—=x)* (l—x)"—l (l—x)” " -1
> ()i -
k=1

In [12], Z. H. Sun obtained the following congruences: for an odd prime p and G, (x) € Z,[x],

'
> = (mod p?),
S

s=1

1 p— 1 r—
1 [1+4Gx -1 —xP & (l—x)—l x
Gr(x)=— E z ~
P p i=1 =2

and for a prime p > 3andn € N,

npGui1(x) = (—1)"x”G,(1/x) — Go(x) (mod p?).

In [18], Z. W. Sun showed that for a prime p > 3,

p—1 p—1 p—1
H,. L H; F} 2 Fy

E =0 d d E = — E —

k=1 k (mod p)an k=1 k P k

In [7], H. Pan and Z. W. Sun obtained that for a prime p > 5,

—2 =0 (mod p),

Mh'

k=1

and for a prime p # 2, 5,

k=0

where a is a positive integer.
In [1], J. Choi and H. M. Srivastava showed that for m,n € N,

2 ()= (30 (e =5)

In [4], S. Koparal and N. Omiir gave that forn > 1 and x € R,

n—1 k n n n—1 k
n—1\(—x 1—x)"—(—x)"—1 1—x)—1
5 G Uy (el ey L P Ut
k—1 k n k(n — k)
k=1 k=1
In [10], J. SpieB obtained that
n
k n+1
Z( )Hn—k = ( )(Hn—H - Hp-i—l)s
im0 \P p+1
Ly n—1
Z = i1 (Hy—1(Hp1 — Hj1) — Hy 12+ Hj12),

>~

=j

S @)= () ()
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and

n—1

2

n —
k=j

In [8], K. H. Pilehrood et all gave that for a prime p # 2, 5,

(p=3)/2

)F Fp— (5
Z (2k+i§Jlrék e
P
(r=3)/2
Lojy1 Ly -
Z (21<)+1)16k=( DD =— (mod p).

In [6], S. Mattarei and R. Tauraso showed that for a prime p > 3,

1

> ()5

where 2 = $(1 ++/T—4x) and u = (1 — VT —4x).

In [19], R. Tauraso obtained that for a prime p > 3,

= 2(G2(4) + G2(n)) (mod p),

k=1 k

where A and u are defined as before.

2. Some congruences involving special numbers

In this section, we will give the congruences involving some special numbers. Firstly,
lemmas involving harmonic numbers:

Lemmal. Forn > 1andx € R, we have
n—1 k k n n
1 —x)<— (l—x) —1 (l—x) — ()" -1
> 7,{ 1 = Hy Z — -
k=1

Proof. From binomial theorem, we have

n—1

— )k — k ,
Z(l T =3 2y () o
k=1 j=1 J
n—1 k k—1 (—X)/
= Hy—1 ( ) .
P /Z:‘; J=1)
n—1 n—1
_ (—x)’ (k — I)H
72 e

( ) n—k—1 = (’;)((Hn — Hj)* — Hy2 + Hj ).

Z (2k) = Hi =200 = )" (G2(1/ (= 1)) = Gau/(u = 1)) (mod p),

(1.8)

(1.9)

(1.10)

we will give some auxilary
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By taking n — 2, j — 1 instead of n, m in (1.4), respectively, we write

n—1

3O S (1) (e )

(O () ()

S (2(020) () ()

DS () S () ()

n—1 n—1

3 W(n;;) ng<—e;>f(n.—l)

j=1 / =t 7

25

n—

:E
S
v
A
><
v
:»—
M1
/\
.
v
A
\k
p—a
~.

Y4 n—1 k _ k _
Z(l );() lHkl—(anl+1)z(X) (n_) Z(X) (n 1)

k=1 k=1
d=x)"=(—x)" -1
" .

- Hn—l

With help of the sum in (1.1), we write

n—1 n—1

1—-x)k—1 nH,_1 +1 1—-x)F—1 nH,,l—{—l
> =S +

(=)= (=x0)"=1)

k k
k=1 k=1
o (—x)* (n—1 1-—x)"—(—x)"—-1
2T ko) T
k=1 "
_ Hnn_l 1—x)k-1 N (I=x)"—(—x)"—1 _"Z_i (=x)* (n .
k n? k2 \k
k=1 k=1
Thus, this ends the proof. O

Lemma 2. Forn > 1 and x € R\{1}, we have

n—1

— k_ _ \n—k Y S
Z—(l X) Hy—1 = H, 2(1 - (1 _x) )+ H,— IZ —(1 X) Z—(l );C) !

n—=k k n
k=1 k=1 k=1

—(1=x) Z() (1—x)k' (2.1)
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Proof. By (1.7), it is clearly that 37—} Zk=t — g2 — H, ;. Then
n—1 n—1
(1—x)k—1 (1—x)r*k—1
SOl oy,
Pl k=1 k
-1
(1 —x) —k n ~ Hu—i-1
=(—x) Z Hyor + (=0 = 1) > ===

k=1

l_x) - n 2
=(1-x)" Z L+ (= 0" = D(H, = Hyo2).

n—1 (1—x)=*—1 T S
So it suffices to show Zk ~—— Hy—k—1 which implies (2.1). From binomial theorem, we have

n—1 _ n—1 k
(1 — X) k_ 1 X Hy——1
—H, 1= 1— —1)—
k ket = 2 x—1 k

22 () ()
Zz() (=)

<1 ( x )j"i(k—l)H
= n . n—k—1-
By binomial properties and replacing n — 2 by n and j — 1 by p in (1.6), respectively, we show

-1 :
1—-x)*—-1 - ! x \/ (n—1
an—k—l = Z; —x i (Hn—1 — Hj)
j=1

FT (S () )

j=l1

n—1

o~
Il
—_

Gy x \ (n(n—1 j
=5 = _ L w1 — H;
>3 () GGo) -2 () -
_n_lln—lH x jlnlnH H x )\
=25 (2 m () -2 3 () - 0 (75)
j=1 j=1

Z1m—1 J . Hi( x \
= X5 ( ) () 2 () E ()
230 () 20 ()

n j:lj 1 —x +nj§j AVEEY
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Substituting —*5 replace of x in (1.1) and (1.5), we have

n—1

- k _ N\ k _
Z (1 X)k Hn k—1 = Hj— lz (1 X) + H’;/l_l ((1 —)C)_n —x”(l —x)_” — 1)

k=1
H._ n—1 n—1 k
R ) 2 )R )
- - k=1 -
Hy, — (1 B x) K
_n 1 n __ .n 1 _ 1 _ N - =
+ (=) =A== ) - Z p—
k=1
From binomial theorem, the desired result is given. O

Lemma 3. Forn > 1 and x € R\{1}, we have

1

3
|

_ n—1 Nk
(Z) (_x)ka—l,Z = _Hn—l,Z(_x)n - (# — H, Z (1 X) !

n nll_ k—l
() R
=1

Proof. From binomial theorem, we have
-1 k
(I-x"-1 x)k — < Hi k ;
Heo=3 et s Ry
Ck(n—k) k) = k(n — k) iV

o~ Hi-1 k—1\ (—x)/
B n—kZ(' ) j

J=1) J

~
Il

1

n—1

k=1

k=1 j=1
st Jj pay j—1)n—k
By (1.7), we rewrite

n—1 n—1

(1—-x)k—-1 (—x)k ( )
27 = (Hp—1(Hp—1 — Hi—1) — Hp—12 + Hi—1,2)
P k(n —k) pa k k—1

n 1(—x)k

H?  —Hy12"Z H, "= (n
n—1 n—1, k n—1 k
- _n=1 - = E — —x)" Hy_
n k=1 (k) n k=1 (k)( X) o

n l(n)
(—x) Hy_1 2.
" k

" ()(Hn 1(Hp—1 — He—1) — Hy—12 + Hi—12)

1
+_
n

»
Il
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Then, by binomial theorem and (1.5), we get

n—1
(l—x)k—l 5 (1—x)"—(—x)"—1
k(l’l (H Hn—l,Z) n

H ni(”_l) G nz_l(n)( ¥ H
— fp—1 k—1 - —X k—1,2
“\k-1)"% n = \k

(I-—x)"—(=x)"-1

k=1

I-x)"—(=x)" -1

= (H?_| — Hy12) — H} |
n n
Z (1- = (—x)*
+ H,— k( — k) kz ( ) Hi—1.2.

So, we have

n—1
Z (Z) (=) Hi—12 = Hy12((1 —x)" = (=x)" = 1)
k=1

n—1 k 1

(1—x) A —x)k—1
+”ZT_,€) - ”H"IZ k(n — k)

k=1
1 —x)k — )k _
=Hy_12((1—x)" = (=x)" =D+ Z ( x) Hk L+ Z (1 x) 1 s

n—1 x)k n— l(l—x)k—l

— H,_ 12(1 — Hy IZ

With help of the sum in Lemma 2, the desired result is obtained.

Theorem 1. Forn € and x € R\{1}, we have

" In HZ( k—(l . " (n Hi 1 X k
Z k k —x)" = —Xx) . k A _ﬁ —l—x .

k=1 k=

Proof. From binomial theorem, we have

n—1 n—1
2

ZZ(I_X) _1 Hy 1—2 iy ——IZ(I;)(_x)j

=1 j=1

n—1 n—1
: 2 k
= E (—x)’ (.)Hn—k—l-
n—k\Jj

j=1 k=j




On congruences involving special numbers 159

By (1.8), we write

n—1 (1 —x)k 1 n—1 n
2> — 2 H, = H, — Hy)*> — H Hio)(—x)F
é o Hy ;(k)(( w = H)? = Hy 2 + Hi2)(—x)

n—1
(2 — H, 2)2( )t =23 () o
k:1

n—1 n—1
+ (Z) HE (—x)F + 1 (Z) Hyp(—x)

k=1 k=
n—1 n n—1 n
=3 ()t + X () ot
k=1 k=1

n—1
+ (H; = Hy2) (1= 2)" = (=) = 1) = 2H, 3 (Z) Hi(—x),

k=1
and from some arrangements,

n—1 (l—x)” k 1 n—1 n
> ( )Hk( 0 = 22 —Hk—l -> (k)Hk,z(—x)k
k=1 k=1

n—1

SR SRR CUEREL S ) ¢

k=1 k

)Hk(—x)k.

By (1.1) and (1.5), we write

_ \n—k n—1
Z( )Hk (—x)f = ZZ u x) lHk—l -> (Z)Hk,z(—x)k
k=1 k=1

- (Hn - Hn,Z)((l - x)n - (_x)n -1)
n—1
) ) ) (1—x)* -1
+ 2Hn ((1 —X) - (—X) - 1) - 2Hn ; T

With help of Lemmas 1 and 3, we rewrite

— (1\ ., « ol 1—x)*—-1 " Hy x \f
;(k)Hk(—x) =2§TH,¢ 14 (=) Hy o+ (1= x)" Z( ) . (l—x)
— k1
+ (H, + Hy2) (1 —x)" = (—x)" — 1) — 2H, Z%

k=1

If we replace x by —= in Lemma 1, we have

1 1— —k _ n—lH_
(Z)H;?(—x)k=2(1 Z( x) Hk_1+2((1—x)"—1)§ -

1
L~ (1 Hi x (l—x)k—l
(1 —x) ;(k)T(l—x) —ZHZ

+ (=x)"Hup + (HZ + Hy2)((1 — x)" — (=x)" = 1)

n

=~
Il
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n—1 _ Nk _ _n A\
—2H, (1 )nz(l xl)c 1+21 x 2(1 x)
k=1 n
n 1 X n— lHk |
21—y (”)—( ) L2 —x) = 1)
; k) k2 \1—x Z
k n—1 k
(1—x)
+ (1 —x)" Z() (l—x) —2an§ —

+ (=) Hyp + (H + Hy2) (1= 2)" = (=2)" = 1).
From >/ _, " = %(H,% + H, ) in [1], we have the conclusion.
Now, we will give applications of Theorem 1.

Corollary 1. Let p > 3 be a prime. For any rational number x such that x # 1 and x~' =0 (mod p),

ZH =1 =" N(G2(1/(1 =) + Go(x/(x = 1)) (mod p).

Proof. 1If we take p — 1 replace of n in Theorem 1, we have

p—1 p—1 k
P=1\ 2, k_ 4 ap-l P=1\(H—1 1\ (_x
k=1 ( k )Hk (== k=1 ( k ) ( k kz) (1 —x) '

Fork=0,1,...p—1, (") = (=" (mod p), we get

= P (He 1 x \F
2.k _ —1 -
Hix" =1 —-x)? kz_l ( P k2) (x — 1) (mod p).

k=1

By Lemma 1, it is shown that

p—2 k p—1
(1—x) _ X
- Hioy=(1-x)r'=> =

1 k=1

(mod p).
k

Then
S L+ (o
;sz-xkz_(l )[) lzkz(l x)k
=—(1=x)"""(G2(1/(1 = x)) + G2(x/(x — 1))) (mod p).

The proof is completed.

When x = 2 in Corollary 1, we obtain the following congruence: for p > 3,

p—1

> 2H} =q,(2* (mod p).
k=1



On congruences involving special numbers 161

Corollary 2. Let p > 3 be a prime. For any rational number x such that x # 4~ and x~' =0 (mod p),

(p—1)/2 2k
> () mert =20 - 07 G20 - Ga)

k
k=1

— 40 = "N (G2(A/ (A = ) + Gau/(u = 2)))  (mod p),
where 1 and u are deﬁned as before.

Proof. 1f we replace £~ by n and 4x by x in Theorem 1, we obtain

(p—1)/2 (p—1)/2 k
(r—1/2 —1)/2\ { Hi— 1 dx
z( ) )H,z<_4x>k=< —4x)rhr2 z( )(%-p)(l_M)

=1
p—1 A

1 an(p=D)2 (p— 1)/2) (Hk—l 1 ) ( 4x )
= (1 — 4x) Z( ) S ()

k=1
Fork=0,1,....(p = 1)/2, (")) = 25 (¥) (mod p), we write
(p—1/2 p—1 k p—1 k
— (1 — 4x)(P—D/2 . -2 — d p).
2 (k) = (1-4x) 2 ) 2 e\ (mod p)
k=1 k=1 k=1
From (1.9) and (1.10), we have the desired result. O

For example, when x = 3! in Corollary 2, for a prime p > 3, we have

OO p\HE 2 1\ p 1
> ()3=-505)  G)am(3) mean.

k=1

Corollary 3. Let p be an odd prime. Then

p—1
H}Fy41-p =0 (mod p),
k=1
and for p > 5,
p—1
D HlLyiip=0 (mod p). (2.2)
k=1

Proof. We will give the proof of (2.2). From Theorem 1 and Binet formula of the Lucas sequence {L,}, we have

n

n
E (k) (—D)""HZ Loy
-1

n n

(Z) (— 1k HRo 2k (Z) (— 1)k g2 p2n
1

k=1

. (—a)t = (n) (k&) (=B = (n) (=B
l(k) k H"_Zkl(k) K2 +§(k) k H"_Zz(k) K2

k=

c (n) (—D*Hi Ly . (n) (=D*Lg
N el Al
k k — k k2

k=1

k=
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Also forn = p — 1, we write

1

gy r-! DEH, L P2 o — 1\ (=DFL
l(pk )(—1)"H,§L2k+1_p=2( L )( ) Bl 2“( )7( ) Li

k= k=1

Fork=0,...,p—1, (pgl) = (—l)k (mod p), (1.2) and (1.3), the desired result is obtained. Similarly the other

congruence is given. O

Now, we derive the Theorem 2 by evaluating the sum S(n) = > ;_, ("+k) g}ﬁl using technical manipulations on
sums. By Zeilberger’s algorithm, we obtain the recurrence relation

Cn+1DS) —@x+2)2n+3)Sr+ 1)+ 2n+5Sn+2)=0.
Theorem 2. Forn € Nand x € R\{0}, we have

Zn:(n-l—k) @b 1 AT TP - ATy
2k J2k+1  2n+1 2/x

k=0

Proof. For x = —1, Z.W. Sun[17] have the identity

n Ak 1\
Z (n +k) (—4) _ (=D ' (2.3)
Py 2k J2k+1 2n+1

For x # —1, we can show the proof. By [11], it is known that

n+k\2n+1 4k 0 " n+ i\ (J N,
()3 ()_Zk(zj ) ()

Therefore

z (n—|—k) ok (- 1)" z (n+] ()(_4)j
=\ 2% )2k +1 2n+1 —
— s
(—1)"—74J n+]
> S ( )2 ()
(—1)"74) (n+j
_Z 2n + 1 (2; )(1+ %)’
o~ D"+ x) (n+
_/Z::‘) 2n + 1 (n—j)

L= (DA + ) (20—
_,-Z:(:) 2n+1 ( j )

:(1+x)"z”: 1 fzzn_zj 2n—J\
A1 o\ Ttx j
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By applying the equality zn/ 2 (2”];11) (];) =22 (”;J ) in [11], we obtain from the above that

z”: n+k\ (4x)k _(1+x)"z”: 1 Ji 2n+ 1\ (i
2k J2k+1  2n+1 “ 1+x) “~\2i+1)\y
k=0 j=0 i=j
_(1+x)"z": 2+ 1 Z‘: i 1/
Con+1 “—\2i4+1) 4\ 1+x
i=0 j=0
_(1+x)"z”: 1\ () 1y
o2+l &2+ 1+x
1 < (2n+1) ; i
=2n+1§ pi 41 )JF D
_Z 2n\ x' (14 x)"~!
2i 2i4+1

Taking 137 and 2n + 1 instead of x and n in Z(" b2 o)X = %\g—m [11], respectively,

2L (n+k\ (4x)F =(1+x)"z”: 2n + 1 (4 x
N\ 2k J2k+1 2+l &\2i+1

2n+1
2n+1
ey (HYE) -0 E
T o+ 1 [ x_
n—+ 2 xxﬁ

1 Wx+ 1T+ 07— (x+1 [)2n+1

we have

= 24
2n+1 2/x @4
Combining (2.3) and (2.4), we have the proof of desired result. O
Corollary 4. Let p > 3 be a prime. Then
D2 ok R 1 )
Z k m = 2_(F(l—3p)/2 - F(1+3p)/2) (mod p©), (2.5)
k=0 p
(p—1)/2 2k Ly
Z X m 2 ( (+3p)2 — L1-3p);2) (mod p %),
k=0
(p—1)/2
P L0201 0 (mod p,
= (k 8k +1) 4p
(p—1)/2
2k) Qk 2 —1)/2 2
> 5= —((=D"V2P p+ Ppinn)  (mod p?).
k p p
= (k 82k +1) p
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Proof. For the proof (2.5), considering x = —a and x = —f in Theorem 2, we have

n

Y N L L (n 4k (—4a)k n+ kY (—4p)k
g(zk )2k+1Fk_a—ﬂ(g(2k)2k+1_g(2k)2k+1)

_ 1 L B+ VP = (VB —1/VB)™!
S 2n+la-—p 2/B

_(ﬁ+1/\/&)2n—&—1_(ﬁ_l/ﬁ)2n+l)

2/Ja

1 ﬁ3n+2 _ (_a)3n+1 _ ﬂ3n+2 + (_a)3n+1
T 22n+1) ( a—p )

= ———((=1)"Fauy1 — Fins2).
2(2]’! T 1) (( ) 3n+1 3n+2)

Fork=0,...,(p—1)/2, ((17—12)k/2+k)(_16)k = (2}5) (mod p?), the desired result is obtained. Similarly the other
congruences are given. O

Now, we have the following results of Theorem 2:

Corollary 5. Let p > 5 be a prime. Then

L5] k
Z C(Z) Fi i = ;(F—p-i-r—l - Fp—r+2) (mod P,
el 27 4p—r)+6
L5]
3 C(Z)Lk i k = ;(Lp—r—ﬂ - L—p+r—l) (mod p),
port k 27 4p—r)+6
L5] o )
cCO(2) =——> (“1)PNBQ s — O d p),
2. k(27) 10p 213 (=1) Q(p—r)/3 = Q(p-r)/3+1) (mod p)
15] o 5 \ K 6
C —) =—— (D) BP,_ P, d p),
2 v Ok (27) 2(1!)_’,)_’_3(( ) (p—r)/3 + P(p—r)/3+1) (mod p)
where C? = 2n1+1 (3,?) and r = 1 or 2 according as 3|p — r.

_ p=r
Proof. Fork =0, ..., 5,

134k 3k
((p rz)k/ + )(—27)’<E(k) (mod p)

where r = 1 or 2 according as 3|p — 1 or 3|p — 2 in [13], the proof is completed.

Corollary 6. Let p > 3 be a prime. Then
L
Hoopr

6 = p_s7 5 (F=3(p—s)/4-1 = F3(p—s)a+2)  (mod p),

k=0
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L7]
Cor L 1
Z = (L3(p—s)/a+2 — L—3(p—s)/4—1) (mod p),
3 — p p
Py 16 p—s+2
L7]
Cor Py 1 /4
= (DP9 Qg8 — Q(p—s)ja+1) (mod p),
3 _ p p
= 32 2(p—s+2)
L7]
Cox Ok 4 _
3% T p—s+ 2((_1)(p VA P(p-s) /4 + P(p—s)jas1)  (mod p),
k=0

where Cy, is the Catalan number and s = 1 or 3 according as 4|p — s.

—S

— p—
Proof. Fork =0, ..., 5,

(p—s5)/4+k (4K
("0 Yot = () moan.

where s = 1 or 3 according as 4|p — 1 or 4|p — 3 in [14], we have the proof.

Corollary 7. Let p > 5 be a prixme. Then

—

L
6

—

2.5 N G F ) (mod p)
= - mo
prar 108k~ 2(p—t+3) PwO/ELT 0/ p)
)2
S(O)(F) Ll 3, L ) (mod p)
- - L—(p— — mo
i \3k 1085~ 2(p—1+3) w2 T A pmn2l p)s
L%J 1 ~(2)
6k C, P 3
=g, - d ).
P 0(3k)( ) 4(p—t+3)(( ) Qp-n/6 — Q(p—1)/6+1) (mod p)
L5 ~1,-2
2k Ck Qk 6 (-
= —1 p t)/6P _ P d
pord (Sk)(k) 63k p—t+3(( ) (p—1)/6 + P(p—1)/6+1) (mod p),

where C ,(,2) is defined as before and t = 1 or 5 according as 6|p —t.

—1

Proof. Fork =0, ..., 2=,

(p—1/6+k N CAYEAYE A
( 2% )(_432):(3k)(k)(k) (mod p),

where t = 1 or 5 according as 6|p — 1 or 6|p — 5, the proof is completed.
Theorem 3. Let p > 3 be a prime. For any rational number x such that x~' = 0 (mod p),

(p—1)/2

where ). and u are defined as before.

201
k+1 1 _ _ p+1 - (P p_
Z (k+1) =1-(—" == +uP 1) (mod p),

165

(2.6)
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Proof. Replacing n and x by pTH and 4x in (1.1), respectively, we have

p+1 (”‘Zli/ ? ((p - 1)/2) (—4x)kH!

2
par k k+1)
B (”‘Zli/z (—4nt Q-aned2 -1
- z FE (p—1)/2-
Fork =1,..., (p—1)/2, ("3 (=4)* = (3) (mod p), Hp—1)2 = —2¢,(2) (mod p)andfork =1,...,
ﬁ = % (mod p), we write
(p—1)/2 Kl (r—1)/2 k
2k\ x (1 —4x)
-2 =2((1 —4x)P*TD2 _ 1) 4 ——— +2¢,(2) (mod p).
> (3) s =20 -0 3 S 0 o

Fork=0,1,...,p—1, (p;l) = (=¥ (mod p), we get

(p—1)/2 (p—1)/2 (p—1/2
”Z):/ (1—40f ”Zi/ p—1\(-40f 2 ”Z):/ )1 4
k % 1) & 2%k

k=1 k=1 P k=1

2— (14 +/1T=4x)? — (1 — /1 —4x)?

= (mod p).
p

Substituting (2.8) into (2.7), we have

@ _212‘/ 2 Ck k1 (p_zlzl/z (Zk) xk+1
x = —_
2

Py k+1) Py k)k+1)

WT—dx— 1) — (JT=dxr + 1)? +2

1—(1—4x)PtD2 _ g ) —

2p
271
=1-(Q—wWP'+=—0P +uP —1) (mod p).
p
Thus, this concludes the proof.
From Theorem 3, we immediately deduce the following results.
Corollary 8. Let p be an odd prime. Then
—-1)/2
(pzl%/ _Ce 4(1 —g,(2)) (mod p)
Fh+1) r P,
k=0
(p—1)/2 k
—-D*C 1-L 5
CDG =21 P4 5(Z)—1 (mod p),
k+1 )4 )4
k=0
(p—1)/2
C P 2 2r+2
> k—" =20-n72"F _4 (—) +8—"— (mod p),
= $k+1) p p p
(p—1)/2 Cy 2Qp 2p+1

2
2 T T p #8(3) -4 modp

p_ls

2.7)

(2.8)
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(p—1)/2

2 16)k(k+1)5_2p—3p+ P ”O(E)_lé (mod 7)

and for p > 3
(p=1)/2 -1
Ck 2P Lrp 5
= —-9)-5{— 9 d p).
; Fh+1) ~ p (3,,_2 ) (p)+ (mod »)
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