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Abstract
Odd powers of even-indexed Chebyshev polynomials of the second kind and odd powers of odd-indexed Chebyshev

polynomials of the first kind were computed. In this paper, we evaluate all of the rest kinds of power sums of the

Chebyshev polynomials. We present the relationships between the Chebyshev polynomials and general Fibonacci, Lucas

sequences.
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1 Introduction

The Chebyshev polynomials of the first and second kinds

are defined as follows for n[ 0

Tnþ1ðxÞ ¼ 2xTnðxÞ � Tn�1ðxÞ;
Unþ1ðxÞ ¼ 2xUnðxÞ � Un�1ðxÞ

with T0ðxÞ ¼ 1; T1ðxÞ ¼ x and U0ðxÞ ¼ 1;U1ðxÞ ¼ 2x;

respectively.

The Binet formulae of TnðxÞ and UnðxÞ are

TnðxÞ ¼
1

2
xþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � 1
p� �n

þ x�
ffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � 1
p� �nh i

ð1Þ

and

UnðxÞ

¼ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � 1
p xþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � 1
p� �nþ1

� x�
ffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � 1
p� �nþ1

� �

:

ð2Þ

The general Fibonacci sequence un A;Bð Þf g and general

Lucas sequence vn A;Bð Þf g are defined as for n[ 0

unþ1 A;Bð Þ ¼ Aun A;Bð Þ þ Bun�1 A;Bð Þ

and

vnþ1 A;Bð Þ ¼ Avn A;Bð Þ þ Bvn�1 A;Bð Þ

with u0 A;Bð Þ ¼ 0; u1 A;Bð Þ ¼ 1 and v0 A;Bð Þ ¼ 2;

v1 A;Bð Þ ¼ A; respectively. We frequently denote these

sequences briefly as unf g and vnf g.
The Binet formulae are

un ¼
an � bn

a� b
and vn ¼ an þ bn;

where a; b ¼ A�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

A2 þ 4B
p

� �

=2:
Especially, if A ¼ B ¼ 1; then un ¼ Fn (nth Fibonacci

number) and vn ¼ Ln (nth Lucas number).

Prodinger (2008) computed the sums

X

n

k¼0

F2mþe
2kþd

and their Lucas counterparts with e; d 2 0; 1f g. He showed
that
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X

n

k¼0

L2mþ1
2k ¼

X

m

j¼0

2mþ 1

j

	 


Lð2mþ1�2jÞð2nþ1Þ
L2mþ1�2j

þ 4m

and

X

n

k¼0

L2m2k ¼
X

m�1

j¼0

2m

j

	 


Fð2m�2jÞð2nþ1Þ
F2m�2j

þ
2m

m

	 


nþ 1

2

	 


þ 22m�1:

Kılıç et al. (2011) computed the following sums as alter-

nating analogues of the sums given in Prodinger (2008)

X

n

k¼1

�1ð ÞkF2mþe
2kþd and

X

n

k¼1

�1ð ÞkL2mþe
2kþd ;

where e; d 2 0; 1f g: They showed that for n[ 0 and pos-

itive odd m,

X

n

k¼1

�1ð ÞkF2m
k ¼ 1

5m

X

m�1

i¼0

�1ð Þiðnþ1Þþn 2m

i

	 


Fðm�iÞð2nþ1Þ
Fm�i

� 1

5m
2m� 1

m

	 


� 1

5m
2m

m

	 


n;

and, for m[ 0 and even n[ 0

X

n

k¼1

�1ð ÞkL2m2k ¼
X

m�1

i¼0

2m

i

	 


L2ðm�iÞð2nþ1Þ
L2ðm�iÞ

þ
2m� 1

m

	 


� 22m�1:

Li (2015) obtained the following identities involving power

sums of the Chebyshev polynomials TnðxÞ and UnðxÞ: For
any positive integers n and m,

X

n

k¼0

T2mþ1
2kþ1 ðxÞ ¼

1

22mþ1

X

m

k¼0

2mþ 1

m� k

	 


U2ð2kþ1Þðnþ1Þ�1ðxÞ
U2kðxÞ

and

X

n

k¼0

U2mþ1
2k ðxÞ ¼ 1

4m x2 � 1ð Þm

�
X

m

k¼0

2mþ 1

m� k

	 


�1ð Þm�k
U2

ð2kþ1Þðnþ1Þ�1ðxÞ
U2kðxÞ

:

Ma and Zhang (2007) obtained the common formulas with

xn being represented by Chebyshev polynomials, then get

two identities about the Fibonacci numbers and Lucas

numbers. They showed that for any nonnegative integer n

and positive integer m,

L2mn ¼ �1ð Þmnð2mÞ!
ðm!Þ2

þ ð2mÞ!
X

m

k¼1

�1ð Þnðm�kÞ

ðm� kÞ!ðmþ kÞ! L2kn

and

L2mþ1
n ¼ 2ð2mþ 2Þ!

Fn

X

m

k¼1

�1ð Þnðm�kÞðk þ 1Þ
ðm� kÞ!ðmþ k þ 2Þ!F2ðkþ1Þn:

Wang and Zhang (2015) gave several interesting identities

involving the derivative of the Chebyshev polynomials of

the first kind as follows:

X

n

k¼1

T
0

kðxÞ
� �2

¼ �1ð Þm

4m x2 � 1ð Þm
ð2mÞ!
ðn!Þ2

X

n

k¼1

k2m

þ
X

mþ1

i¼1

X

m

k¼1

2m

m� k

	 


�1ð Þm�krði; nÞT2kiðxÞ þ sði; hÞT2kði�1ÞðxÞ
4mþiðx2 � 1Þmþi

U2i
k�1ðxÞ

þ
X

mþ1

i¼1

X

m

k¼1

2m

m� k

	 


�1ð Þm�kpði; nÞT2kðnþiÞðxÞ þ qði; hÞT2kðnþi�1ÞðxÞ
4mþiðx2 � 1Þmþi

U2i
k�1ðxÞ

;

where r(i, n), s(i, n), p(i, n) and q(i, n) are

computable constants.

Zhang and Wang (2017) gave interesting results

involving the integral of the power sums of the first kind

Chebyshev polynomials. They showed that for positive

integers n and m,

P

1

k¼0

R

1

0

T2mþ1
2k ðyÞdy

¼ � 1

2
þ p
4mþ1

X

m

k¼0

2mþ 1

m� k

	 


1

2k þ 1
cot

p
4k þ 2

and especially

X

n

k¼0

Z

x

0

T2kðyÞdy ¼
T2nþ1ðxÞ
2ð2nþ 1Þ �

x

2
:

As we mentioned above, odd powers of even-indexed

Chebyshev polynomials of the second kind and odd powers

of odd-indexed Chebyshev polynomials of the first kind

were computed by Li (2015). In this paper, we evaluate all

of the rest kinds of power sums of the Chebyshev poly-

nomials. We present the relationships between the Che-

byshev polynomials and general Fibonacci, Lucas

sequences.

2 The Chebyshev Polynomials, the General
Fibonacci and Lucas Numbers

Now we will present relationships between the Chebyshev

polynomials and general Fibonacci and Lucas numbers.

First, we recall the following identities from Kılıç and

Stănică (2009, 2011) that

u nþ1ð Þk ¼ vkunk � �Bð Þku n�1ð Þk
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and

v nþ1ð Þk ¼ vkvnk � �Bð Þkv n�1ð Þk:

Define the tridiagonal matrices Hn xð Þ and Mn xð Þ of order n
as

Hn xð Þ ¼

2x 1

1 2x 1

1 2x . .
.

. .
. . .

.
1

1 2x

2

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

5

and

Mn xð Þ ¼

x 1

1 2x 1

1 2x . .
.

. .
. . .

.
1

1 2x

2

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

5

:

We also note the following known equalities

detHn xð Þ ¼ Un xð Þ and detMn xð Þ ¼ Tn xð Þ;

where Tn xð Þ and Un xð Þ stand for the Chebyshev polyno-

mials of the first and second kinds, respectively.

We define the tridiagonal matrices �Hn and �Mn of order n

as

�Hn ¼

vk

ffiffiffiffiffiffiffiffiffiffiffiffiffi

�Bð Þk
q

ffiffiffiffiffiffiffiffiffiffiffiffiffi

�Bð Þk
q

vk

ffiffiffiffiffiffiffiffiffiffiffiffiffi

�Bð Þk
q

ffiffiffiffiffiffiffiffiffiffiffiffiffi

�Bð Þk
q

vk
. .
.

. .
. . .

. ffiffiffiffiffiffiffiffiffiffiffiffiffi

�Bð Þk
q

ffiffiffiffiffiffiffiffiffiffiffiffiffi

�Bð Þk
q

vk

2

6

6

6

6

6

6

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

7

7

7

7

7

7

5

and

�Mn ¼

vk=2

ffiffiffiffiffiffiffiffiffiffiffiffiffi

�Bð Þk
q

ffiffiffiffiffiffiffiffiffiffiffiffiffi

�Bð Þk
q

vk

ffiffiffiffiffiffiffiffiffiffiffiffiffi

�Bð Þk
q

ffiffiffiffiffiffiffiffiffiffiffiffiffi

�Bð Þk
q

vk
. .
.

. .
. . .

. ffiffiffiffiffiffiffiffiffiffiffiffiffi

�Bð Þk
q

ffiffiffiffiffiffiffiffiffiffiffiffiffi

�Bð Þk
q

vk

2

6

6

6

6

6

6

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

7

7

7

7

7

7

5

:

From using the results of Kılıç and Stănică (2011), we note

that

det �Hn ¼
uk nþ1ð Þ
uk

and det �Mn ¼
1

2
vkn;

where un and vn stand for the general Fibonacci and Lucas

numbers, respectively.

We give some relationships between the Chebyshev

polynomials, the general Fibonacci and Lucas sequences.

Consider

uk nþ1ð Þ
uk

¼ det �Hn

¼

vk

ffiffiffiffiffiffiffiffiffiffiffiffiffi

�Bð Þk
q

ffiffiffiffiffiffiffiffiffiffiffiffiffi

�Bð Þk
q

vk

ffiffiffiffiffiffiffiffiffiffiffiffiffi

�Bð Þk
q

ffiffiffiffiffiffiffiffiffiffiffiffiffi

�Bð Þk
q

vk
. .
.

. .
. . .

. ffiffiffiffiffiffiffiffiffiffiffiffiffi

�Bð Þk
q

ffiffiffiffiffiffiffiffiffiffiffiffiffi

�Bð Þk
q

vk

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

¼ �Bð Þnk=2

vk= �Bð Þk=2 1

1 vk= �Bð Þk=2 1

1 vk= �Bð Þk=2 . .
.

. .
. . .

.
1

1 vk= �Bð Þk=2

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

¼ �Bð Þnk=2detHn

vk

2 �Bð Þk=2

 !

;

which gives us the relation between the Chebyshev poly-

nomial of the second kind, Un xð Þ; and the general Fibo-

nacci numbers, un of the form

�Bð Þnk=2Un

vk

2 �Bð Þk=2

 !

¼
uk nþ1ð Þ
uk

:

We consider a special case of the last equality. If we take

B ¼ 1 in the definition of un A;Bð Þf g and k ¼ 2; it takes the

form

�1ð ÞnUn

v2 A; 1ð Þ
�2

	 


¼
u2 nþ1ð Þ A; 1ð Þ
u2 A; 1ð Þ

or

Un

v2 A; 1ð Þ
2

	 


¼
u2 nþ1ð Þ A; 1ð Þ
u2 A; 1ð Þ :

If A ¼ 1; then un 1; 1ð Þ ¼ Fn(nth Fibonacci number) and

vn 1; 1ð Þ ¼ Ln(nth Lucas number) and so we derive the

result

Un

3

2

	 


¼ F2ðnþ1Þ:

A similar relation between the Chebyshev polynomial of

the first kind and general Lucas number could be given. For

this consider
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1

2
vkn ¼ det �Mn

¼

vk=2

ffiffiffiffiffiffiffiffiffiffiffiffiffi

�Bð Þk
q

ffiffiffiffiffiffiffiffiffiffiffiffiffi

�Bð Þk
q

vk

ffiffiffiffiffiffiffiffiffiffiffiffiffi

�Bð Þk
q

ffiffiffiffiffiffiffiffiffiffiffiffiffi

�Bð Þk
q

vk
. .
.

. .
. . .

. ffiffiffiffiffiffiffiffiffiffiffiffiffi

�Bð Þk
q

ffiffiffiffiffiffiffiffiffiffiffiffiffi

�Bð Þk
q

vk

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

¼ �Bð Þnk=2

vk=2 �Bð Þk=2 1

1 vk= �Bð Þk=2 1

1 vk= �Bð Þk=2 . .
.

. .
. . .

.
1

1 vk= �Bð Þk=2

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

¼ �Bð Þnk=2detMn

vk

2 �Bð Þk=2

 !

;

which gives us the relation between the Chebyshev poly-

nomials of the first kind Tn xð Þ and the general Lucas

number vn of the form

�Bð Þnk=2Tn
vk

2 �Bð Þk=2

 !

¼ 1

2
vkn:

If we take B ¼ 1 in the definition of vn A;Bð Þf g and k ¼ 2;

the last equality takes the form

�1ð ÞnTn
v2 A; 1ð Þ
�2

	 


¼ v2n A; 1ð Þ
2

:

Also we can rearrange it as

Tn
v2 A; 1ð Þ

2

	 


¼ v2n A; 1ð Þ
2

:

If we take A ¼ 1; then vn 1; 1ð Þ ¼ Ln(nth Lucas number)

and so we derive the specific result

Tn
3

2

	 


¼ 1

2
L2n:

3 Alternating Sums of the Chebyshev
Polynomials

In this section, we will start with some auxiliary lemmas

and then present our main results about power sums of the

Chebyshev polynomials of first and second kinds and their

alternating analogues.

Lemma 1 For nonzero integer a, any integer b and for

n[ 0;

ðiÞ
X

n

k¼1

PakþbðxÞ

¼
PaþbðxÞ � PbðxÞ � Paðnþ1ÞþbðxÞ þ PanþbðxÞ

2ð1� PaðxÞÞ
;

and

ðiiÞ
X

n

k¼1

ð�1ÞkPakþbðxÞ

¼
ð�1Þn½�Paðnþ1ÞþbðxÞ þ PanþbðxÞ� � PaþbðxÞ � PbðxÞ

2ð1þ PaðxÞÞ
;

where PnðxÞ stands for both the Chebyshev polynomials

TnðxÞ or UnðxÞ:

Proof By the Binet formulae of TnðxÞ and UnðxÞ; the

claims follow.

h

Lemma 2 For any integers a and b,

ðiÞ TaþbðxÞ þ Ta�bðxÞ ¼ 2TaðxÞTbðxÞ;
ðiiÞ TaþbðxÞ � Ta�bðxÞ ¼ 2ðx2 � 1ÞUa�1ðxÞUb�1ðxÞ;
ðiiiÞUaþbðxÞ þ Ua�bðxÞ ¼ 2UaðxÞTbðxÞ;
ðivÞUaþbðxÞ � Ua�bðxÞ ¼ 2Taþ1ðxÞUb�1ðxÞ;
ðvÞ T2ða�bÞðxÞ þ 1 ¼ 2T2

a�bðxÞ;
ðviÞ T2ða�bÞðxÞ � 1 ¼ 2 x2 � 1

� �

U2
a�b�1ðxÞ:

Proof By the Binet formulae of TnðxÞ and UnðxÞ; the

claims easily follow.

h

Lemma 3 For n[ 0; we have

X

n�1

i¼0

2n

i

	 


vkð2n�2iÞ �Bð Þki¼ v2nk �
2n

n

	 


�Bð Þkn;

X

n�1

i¼0

2n

i

	 


�1ð Þivkð2n�2iÞ �Bð Þki¼ v2k � 4 �Bð Þk
h in

� �1ð Þn
2n

n

	 


�Bð Þkn;

X

n�1

i¼0

2n

i

	 


�1ð Þivkð4n�4iÞB
2ki ¼ v2k � 4 �Bð Þk

h in

v2nk

� �1ð Þn
2n

n

	 


B2kn;

X

n

i¼0

2nþ 1

i

	 


�1ð Þiuk 2n�2iþ1ð Þ �Bð Þki¼ v2k � 4 �Bð Þk
h in

uk:

ð3Þ
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Proof Clearly, by the Binet formula, we see that

X

2n

k¼0

2n

k

	 


vkð2n�2iÞ

�Bð Þ�ki
¼ 2 v2nk
� �

and so

X

2n

k¼0

2n

k

	 


vkð2n�2iÞ

�Bð Þ�ki
¼
X

n�1

k¼0

2n

k

	 


vkð2n�2iÞ

�Bð Þ�ki

þ 2

�Bð Þ�kn

2n

n

	 


þ
X

2n

k¼nþ1

2n

k

	 


vkð2n�2iÞ

�Bð Þ�ki
:

Denote

S1 ¼
X

n�1

k¼0

2n

k

	 


vkð2n�2iÞ

�Bð Þ�ki
and S2 ¼

X

2n

k¼nþ1

2n

k

	 


vkð2n�2iÞ

�Bð Þ�ki
:

Consider by v�kn ¼ ð�BÞ�kn
vkn;

S2 ¼
X

2n

i¼nþ1

2n

k

	 


vkð2n�2iÞ

�Bð Þ�ki

¼
X

nþ1� iþnþ1� 2n

2n

nþ iþ 1

	 


vkð2n�2ðnþiþ1ÞÞ

�Bð Þ�kðnþiþ1Þ

¼
X

n�1

i¼0

2n

nþ iþ 1

	 


v�kð2iþ2Þ

�Bð Þ�kðnþiþ1Þ

¼
X

n�1

i¼0

2n

2n� i

	 


v�kð2n�2iÞ

�Bð Þ�kð2n�iÞ

¼
X

n�1

i¼0

2n

i

	 


vkð2n�2iÞ

�Bð Þ�ki
¼ S1:

Thus, we have

2v2nk ¼ 2S1 þ
2

�Bð Þ�kn

2n

n

	 


and so

S1 ¼
X

n�1

i¼0

2n

i

	 


vkð2n�2iÞ

�Bð Þ�ki
¼ v2nk � �Bð Þkn

2n

n

	 


;

as claimed. Similarly, the other results could be proven.

h

Theorem 1 For m; n[ 0;

(i)
X

n

k¼1

T2m
2k ðxÞ ¼

1

22m�1

X

m�1

i¼0

2m

i

	 


�
U 2m�2ið Þn�1ðxÞTð2m�2iÞðnþ1ÞðxÞ

U2m�2i�1ðxÞ
þ n

22m
2m

m

	 


:

(ii) For x 2 R� �1; 1f g;

X

n

k¼1

U2m
2k ðxÞ ¼

1

22mðx2 � 1Þm

� 2
X

m�1

i¼0

�1ð Þi
2m

i

	 


T 2m�2ið Þðnþ2Þ xð ÞU 2m�2ið Þn�1 xð Þ
U2m�2i�1 xð Þ

"

þn �1ð Þm
2m

m

	 


�:

Proof Consider

X

n

k¼1

T2m
2k ðxÞ

¼
X

n

k¼1

1

2
xþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � 1
p� �2k

þ x�
ffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � 1
p� �2k

	 
� �2m

¼
X

n

k¼1

1

22m

X

2m

i¼0

2m

i

	 


xþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � 1
p� �2ki

x�
ffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � 1
p� �2kð2m�iÞ

¼
X

n

k¼1

1

22m

X

m

i¼0

2m

i

	 


xþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � 1
p� �2kð2m�iÞ

x�
ffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � 1
p� �2ki

	

þ xþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � 1
p� �2ki

x�
ffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � 1
p� �2kð2m�iÞ




¼
X

n

k¼1

1

22m

X

m

i¼0

2m

i

	 


xþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � 1
p� �4kðm�iÞ

	

þ x�
ffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � 1
p� �4kðm�iÞ




� n

22m
2m

m

	 


¼
X

n

k¼1

1

22m�1

X

m

i¼0

2m

i

	 


T4kðm�iÞðxÞ �
n

22m
2m

m

	 


¼ 1

22m�1

X

m

k¼1

2m

i

	 


X

n

i¼0

T4kðm�iÞðxÞ �
n

22m
2m

m

	 


¼ 1

22m�1

X

m�1

i¼0

2m

i

	 


X

n

k¼1

T4kðm�iÞðxÞ þ
n

22m
2m

m

	 


:

If we take a ¼ 4ðm� iÞ and b ¼ 0 in Lemma 1, then we

write

X

n

k¼1

T2m
2k ðxÞ ¼

n

22m
2m

m

	 


þ 1

22m�1

X

m

i¼1

2m

i

	 


�
T4ðm�iÞðxÞ � 1� T4ðm�iÞðnþ1ÞðxÞ þ T4ðm�iÞnðxÞ

2� 2T4ðm�iÞðxÞ
:

Using (ii), (iii) and (vi) in Lemma 2, we get

X

n

k¼1

T2m
2k ðxÞ ¼

n

22m
2m

m

	 


þ 1

22m�1

X

m�1

i¼0

2m

i

	 


�
U 2m�2ið Þn�1ðxÞTð2m�2iÞðnþ1ÞðxÞ

U2m�2i�1ðxÞ
;

as claimed.

h
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Corollary 1 For m; n[ 0;

X

n

j¼1

v2m2kj

B2kmj
¼
X

m�1

i¼0

2m

i

	 


ukð2nþ1Þð2m�2iÞ

B2kn m�ið Þukð2m�2iÞ

� 22m�1 þ 2nþ 1

2

2m

m

	 


and

X

n

j¼0

u2mk 2jþ1ð Þ

B2kmj
¼ u2mk

v2k � 4 �Bð Þk
� �m

X

m�1

i¼0

�1ð Þi
2m

i

	 


 

�
uk nþ1ð Þð4m�4iÞ

�Bð Þk 2n m�ið Þ�ið Þ
uk 2m�2ið Þ

þ �Bð Þkm �1ð Þm nþ 1ð Þ
2m

m

	 


!

:

Proof Using Tn
vk

2 �Bð Þk=2

� �

¼ vkn

2 �Bð Þkn=2
and Un

vk

2 �Bð Þk=2

� �

¼
1

�Bð Þkn=2
ukð2nþ2Þ

uk
in Theorem 1, we have

X

n

j¼1

v2m2kj

�Bð Þ2kmj
¼
X

m�1

i¼0

2m

i

	 


u2k m�ið Þnvkð2m�2iÞðnþ1Þ

�Bð Þ2kn m�ið Þ
ukð2m�2iÞ

þ n
2m

m

	 


:

From the equality

uktvkn ¼ ukðnþtÞ � �Bð Þktukðn�tÞ;

and the sum

X

n

i¼0

2n

i

	 


¼ 22n�2 þ 2�1 2n

n

	 


;

we write

X

n

j¼1

v2m2kj

�Bð Þ2kmj
¼
X

m�1

i¼0

2m

i

	 


ukð2nþ1Þð2m�2iÞ

B2kn m�ið Þukð2m�2iÞ

� 22m�1 þ 2nþ 1

2

2m

m

	 


:

The proof is complete. Similarly, the other desired result is

obtained.

h

Theorem 2 For n;m[ 0;

(i)

X

n

k¼1

T2m
2kþ1ðxÞ ¼

1

22m�1

X

m�1

i¼0

2m

i

	 


�
Tð2m�2iÞðnþ2ÞðxÞUð2m�2iÞn�1ðxÞ

U2m�2i�1ðxÞ
þ n

22m
2m

m

	 


:

(ii) For x 2 R� �1; 1f g;
X

n

k¼1

U2m
2kþ1ðxÞ ¼

1

22m x2 � 1ð Þm 2
X

m�1

i¼0

�1ð Þi
2m

i

	 


"

�
T 2m�2ið Þðnþ3Þ xð ÞUn 2m�2ið Þ�1 xð Þ

U2m�2i�1 xð Þ þ n �1ð Þm
2m

m

	 
�

:

Corollary 2 For n;m[ 0;

(i)

X

n

j¼1

1

�Bð Þð2jþ1Þkm v2mkð2jþ1Þ

¼
X

m�1

i¼0

2m

i

	 


uk 4m�4ið Þðnþ1Þ

�Bð Þkð2nþ1Þðm�iÞ
uk 2m�2ið Þ

� v2mk

�Bð Þkm
þ ðnþ 1Þ

2m

m

	 


:

(ii)

X

n

j¼0

u2m2k jþ1ð Þ
B2kmj

¼ B2kmu2mk

v2k � 4 �Bð Þk
� �m

X

m�1

i¼0

�1ð Þi
2m

i

	 


 

�
uk 2nþ3ð Þð2m�2iÞ

Bk 2 nþ1ð Þ m�ið Þð Þuk 2m�2ið Þ
þ �1ð Þm2nþ 3

2

2m

m

	 


!

:

If we take A ¼ B ¼ k ¼ 1 in Corollary 2, then we have

the following results

(i)

X

n

j¼1

L2m4jþ2 ¼
X

m�1

i¼0

2m

i

	 


F 4m�4ið Þð2nþ2Þ
F4m�4i

� 32m þ nþ 1ð Þ
2m

m

	 


:

(ii)

X

n

j¼0

F2m
4jþ4 ¼

1

5m

X

m�1

i¼0

2m

i

	 


�1ð Þi
Fð4m�4iÞð2nþ3Þ

F4m�4i

 

þðnþ 2Þ �1ð Þm
2m

m

	 


� �1ð Þm
2m� 1

m

	 



:

Theorem 3 For m; n[ 0;

(i) For even n,
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X

n

k¼1

�1ð ÞkT2m
k ðxÞ ¼ 1

22m�1
ðx2 � 1Þ

X

m

i¼0

2m

i

	 


"

�
Uðnþ1Þðm�iÞ�1ðxÞUnðm�iÞ�1ðxÞ

Tm�iðxÞ
� �1ð Þn�1

22
2m

m

	 


#

;

and for odd n,

X

n

k¼1

�1ð ÞkT2m
k ðxÞ ¼ � 1

22m�1

X

m

i¼0

2m

i

	 


"

�
Tnðm�iÞðxÞTðnþ1Þðm�iÞðxÞ

Tm�iðxÞ
þ �1ð Þn�1

22
2m

m

	 


#

:

(ii) For even n and x 2 R� �1; 1f g;
X

n

k¼1

�1ð ÞkU2m
k ðxÞ ¼ 1

22m�1 x2 � 1ð Þm�1

X

m

i¼0

�1ð Þi
2m

i

 !

�
Uðm�iÞ nþ3ð Þ�1ðxÞUnðm�iÞ�1ðxÞ

Tm�iðxÞ

and for odd n,

X

n

k¼1

�1ð ÞkU2m
k ðxÞ ¼ 1

22m x2 � 1ð Þm

� �1ð Þm
2m

m

	 


� 2
X

m

i¼0

�1ð Þi
2m

i

	 


"

�
Tðm�iÞ nþ3ð ÞðxÞTnðm�iÞðxÞ

Tm�iðxÞ

�

:

Proof

(i) Consider

X

n

k¼1

�1ð ÞkT2m
k ðxÞ

¼
X

n

k¼1

�1ð Þk 1

22m
xþ

ffiffiffiffiffiffiffiffiffiffiffiffi

x2�1
p� �k

þ x�
ffiffiffiffiffiffiffiffiffiffiffiffi

x2�1
p� �k

� �2m

¼
X

n

k¼1

�1ð Þk

22m

X

2m

i¼0

2m

i

	 


xþ
ffiffiffiffiffiffiffiffiffiffiffiffi

x2�1
p� �ki

x�
ffiffiffiffiffiffiffiffiffiffiffiffi

x2�1
p� �kð2m�iÞ

¼
X

n

k¼1

�1ð Þk

22m

X

m

i¼0

2m

i

	 


xþ
ffiffiffiffiffiffiffiffiffiffiffiffi

x2�1
p� �kð2m�iÞ

x�
ffiffiffiffiffiffiffiffiffiffiffiffi

x2�1
p� �ki

	

þ xþ
ffiffiffiffiffiffiffiffiffiffiffiffi

x2�1
p� �ki

x�
ffiffiffiffiffiffiffiffiffiffiffiffi

x2�1
p� �kð2m�iÞ




¼
X

n

k¼1

�1ð Þk

22m

�
X

m

i¼0

2m

i

	 


xþ
ffiffiffiffiffiffiffiffiffiffiffiffi

x2�1
p� �2kðm�iÞ

þ x�
ffiffiffiffiffiffiffiffiffiffiffiffi

x2�1
p� �2kðm�iÞ

� �

� 1

22m
2m

m

	 


X

n

k¼1

�1ð Þk

By the Binet formula of TnðxÞ, we have

X

n

k¼1

�1ð ÞkT2m
k ðxÞ

¼
X

n

k¼1

�1ð Þk

22m�1

X

m

i¼0

2m

i

	 


T2kðm�iÞðxÞ

� 1

22m
2m

m

	 


ð�1Þn � 1

2

¼ 1

22m�1

X

m

k¼1

2m

i

	 


X

n

i¼0

�1ð ÞkT2kðm�iÞðxÞ

� 1

22m
2m

m

	 


ð�1Þn � 1

2
:

Taking a ¼ 2ðm� iÞ and b ¼ 0 in Lemma 1, we

write

X

n

k¼1

�1ð ÞkT2m
k ðxÞ

¼ � 1

22m
2m

m

	 


ð�1Þn � 1

2

þ 1

22m�1

X

m

i¼1

2m

i

	 


�
T2ðm�iÞðxÞ þ 1þ �1ð Þnþ1

T2ðm�iÞðnþ1ÞðxÞ
1þ T2ðm�iÞðxÞ

:

For odd n, using (i) and (v) in Lemma 2, we have the

claimed result. Similarly, for even n, the desired

result is given. Now we will prove the claim (ii).

Consider

X

n

k¼1

�1ð ÞkU2m
k ðxÞ ¼

X

n

k¼1

�1ð Þk

� 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � 1
p xþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � 1
p� �kþ1

� x�
ffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � 1
p� �kþ1

	 
� �2m

¼ 1

22mðx2 � 1Þm
X

n

k¼1

�1ð Þk
X

2m

i¼0

2m

i

	 


�1ð Þi

� xþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � 1
p� �ðkþ1Þi

x�
ffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � 1
p� �ðkþ1Þð2m�iÞ

¼ 1

22mðx2 � 1Þm

�
X

n

k¼1

�1ð Þk
X

m

i¼0

2m

i

	 


�1ð Þi
(

� xþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � 1
p� �ðkþ1Þð2m�iÞ

x�
ffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � 1
p� �ðkþ1Þi

	

þ xþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � 1
p� �ðkþ1Þi

x�
ffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � 1
p� �ðkþ1Þð2m�iÞ




� �1ð Þm
2m

m

	 


X

n

k¼1

�1ð Þk
)

¼ 1

22mðx2 � 1Þm

� 2
X

m

i¼0

2m

i

	 


�1ð Þi
X

n

k¼1

�1ð ÞkT2ðkþ1Þðm�iÞðxÞ � �1ð Þm
"

�
2m

m

	 


ð�1Þn � 1

2

�

:
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Taking a ¼ b ¼ 2ðm� iÞ in Lemma 1, we write

X

n

k¼1

�1ð ÞkU2m
k ðxÞ

¼� 1

4mðx2�1Þm �1ð Þm
2m

m

	 


ð�1Þn�1

2

�

þ
X

m

i¼1

2m

i

	 


�1ð Þi

�
T4ðm�iÞðxÞþT2ðm�iÞðxÞþ �1ð Þnþ1

Tðnþ2Þð2m�2iÞðxÞþTðnþ1Þð2m�2iÞðxÞ
� �

1þT2ðm�iÞðxÞ

)

:

Using (i) and (iv) in Lemma 2, we have

X

n

k¼1

�1ð ÞkU2m
k ðxÞ ¼ � 1

4mðx2 � 1Þm

� �1ð Þm
2m

m

	 


ð�1Þn � 1

2
þ
X

m

i¼1

2m

i

	 


�1ð Þi
"

�
T3ðm�iÞðxÞ þ �1ð Þnþ1

Tð2nþ3Þðm�iÞðxÞ
Tm�iðxÞ

#

:

For even n, from (ii) and (iv) in Lemma 2, the claim

is obtained. Similarly, the desired result for odd n is

proven.

h

Corollary 3 For m; n[ 0;

(i) For even n,

X

n

j¼1

�1ð Þ j
v2mkj

�Bð Þjkm

¼
X

m

i¼0

2m

i

	 


vk m�ið Þð2nþ1Þ

�Bð Þkðm�iÞn
vkðm�iÞ

� 22m�1 � 2 �1ð Þn�1

2

2m

m

	 


and for odd n,

X

n

j¼1

�1ð Þ j
v2mkj

�Bð Þjkm

¼ � 1

22m

 

X

m

i¼0

2m

i

	 


vk m�ið Þð2nþ1Þ

�Bð Þkðm�iÞn
vkðm�iÞ

þ 22m�1 þ �1ð Þn

2

2m

m

	 


!

:

(ii)

X

n

j¼0

�1ð Þ j
u2mk jþ1ð Þ

�Bð Þjkm

¼ u2mk �1ð Þn

v2k � 4 �Bð Þk
� �m

X

m

i¼0

�1ð Þi
2m

i

	 


 

�
vk 2nþ3ð Þðm�iÞ

�Bð Þk n m�ið Þ�ið Þ
vk m�ið Þ

� �Bð Þkm �1ð Þm

2

2m

m

	 


!

:

Theorem 4 For m; n[ 0;

(i) For even n,

X

n

k¼1

�1ð ÞkT2m
2k ðxÞ ¼

1� �1ð Þn

22mþ1

2m

m

	 


þ ðx2 � 1Þ
22m�1

X

m

i¼0

2m

i

	 


�
U2ðnþ1Þðm�iÞ�1ðxÞU2nðm�iÞ�1ðxÞ

T2ðm�iÞðxÞ

and for odd n,

X

n

k¼1

�1ð ÞkT2m
2k ðxÞ ¼

1� �1ð Þn

22mþ1

2m

m

	 


� 1

22m�1

X

m

i¼0

2m

i

	 


T2nðm�iÞðxÞT2ðnþ1Þðm�iÞðxÞ
T2ðm�iÞðxÞ

:

(ii) For even n,

X

n

k¼1

�1ð ÞkT2mþ1
2k ðxÞ ¼ ðx2 � 1Þ

22m

X

m

i¼0

2mþ 1

i

	 


�
Uð2m�2iþ1Þðnþ1Þ�1ðxÞUð2m�2iþ1Þn�1ðxÞ

T2m�2iþ1ðxÞ

and for odd n,

X

n

k¼1

�1ð ÞkT2mþ1
2k ðxÞ¼� 1

22m

�
X

m

i¼0

2mþ1

i

	 


Tð2m�2iþ1Þðnþ1ÞðxÞTð2m�2iþ1ÞnðxÞ
T2m�2iþ1ðxÞ

:

Corollary 4 For m; n[ 0;

(i)

X

n

j¼1

�1ð Þ j 1

B2kmj
v2m2kj

¼ �1ð Þn
X

m

i¼0

2m

i

	 


vk 2m�2ið Þð2nþ1Þ

Bkð2m�2iÞnvkð2m�2iÞ

� 22m�1 � �1ð Þn

2

2m

m

	 


:

(ii)

X

n

j¼1

�1ð Þ j 1

�Bð Þkð2mþ1Þj v
2mþ1
2kj ¼ �1ð Þn

X

m

i¼0

2mþ 1

i

	 


�
vk 2m�2iþ1ð Þð2nþ1Þ

�Bð Þkð2m�2iþ1Þn
vkð2m�2iþ1Þ

� 22m:
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Theorem 5 For m; n[ 0;

(i) For even n,

X

n

k¼1

�1ð ÞkT2m
2kþ1ðxÞ

¼ 1� �1ð Þn

22mþ1

2m

m

	 


þ ðx2 � 1Þ
22m�1

�
X

m

i¼0

2m

i

	 


U 2m�2ið Þn�1ðxÞUð2m�2iÞðnþ2Þ�1ðxÞ
T2m�2iðxÞ

and for odd n,

X

n

k¼1

�1ð ÞkT2m
2kþ1ðxÞ ¼

1� �1ð Þn

22mþ1

2m

m

	 


� 1

22m�1

X

m

i¼0

2m

i

	 


Tð2m�2iÞnðxÞTð2m�2iÞðnþ2ÞðxÞ
T2m�2iðxÞ

:

(ii) For even n,

X

n

k¼1

�1ð ÞkT2mþ1
2kþ1 ðxÞ ¼

1

22m
ðx2 � 1Þ

�
X

m

i¼0

2mþ 1

i

	 


�
Uð2m�2iþ1Þn�1ðxÞUð2m�2iþ1Þðnþ2Þ�1ðxÞ

T2m�2iþ1ðxÞ

and for odd n,

X

n

k¼1

�1ð ÞkT2mþ1
2kþ1 ðxÞ

¼ � 1

22m

�
X

m

i¼0

2mþ 1

i

	 


Tð2m�2iþ1ÞnðxÞTð2m�2iþ1Þðnþ2ÞðxÞ
T2m�2iþ1ðxÞ

:

Corollary 5 For m; n[ 0;

(i)

X

n

j¼1

�1ð Þ j 1

�Bð Þkð2jþ1Þm v2mkð2jþ1Þ

¼ �
2m

m

	 


�1ð Þn�1

2

þ � 1ð Þn
X

m

i¼0

2m

i

	 


�Bð Þkði�mÞ

�
Bkð2ni�2mnÞvk 4m�4ið Þðnþ1Þ � �1ð Þnvkð4m�4iÞ

vkð2m�2iÞ
:

(ii)

X

n

j¼1

�1ð Þ j 1

�Bð Þkjð2mþ1Þ v
2mþ1
kð2jþ1Þ

¼ �1ð Þn
X

m

i¼0

2mþ 1

i

	 


�Bð Þki

�
�Bð Þkn 2i�2m�1ð Þ

vk 4m�4iþ2ð Þðnþ1Þ � vk 4m�4iþ2ð Þ
vk 2m�2iþ1ð Þ

:

Theorem 6 For m; n[ 0 and x 2 R� �1; 1f g;

(i) For even n

X

n

k¼1

�1ð ÞkU2m
2k ðxÞ

¼ 1

22m�1 x2 � 1ð Þm�1

X

m

i¼0

�1ð Þi
2m

i

	 


U2 m�ið Þ nþ2ð Þ�1ðxÞU2 m�ið Þn�1ðxÞ
T2ðm�iÞðxÞ

and for odd n,

X

n

k¼1

�1ð ÞkU2m
2k ðxÞ ¼

1

22m x2 � 1ð Þm

� �1ð Þm
2m

m

	 


� 2
X

m

i¼0

�1ð Þi
2m

i

	 


"

�
T2 m�ið Þ nþ2ð ÞðxÞT2n m�ið ÞðxÞ

T2ðm�iÞðxÞ

�

:
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(ii) For even n,

X

n

k¼1

�1ð ÞkU2mþ1
2k ðxÞ

¼ 1

22m x2 � 1ð Þm
X

m

i¼0

�1ð Þi
2mþ 1

i

	 


�
T nþ2ð Þ 2m�2iþ1ð ÞðxÞUn 2m�2iþ1ð Þ�1ðxÞ

T2m�2iþ1ðxÞ

and for odd n,

X

n

k¼1

�1ð ÞkU2mþ1
2k ðxÞ

¼ �1

22m x2 � 1ð Þm
X

m

i¼0

�1ð Þi
2mþ 1

i

	 


�
U nþ2ð Þ 2m�2iþ1ð Þ�1ðxÞTn 2m�2iþ1ð ÞðxÞ

T2m�2iþ1ðxÞ
:

Corollary 6 For m; n[ 0;

(i) For even n,

X

n

j¼1

�1ð Þ j
u2mk 2jþ1ð Þ
B2kmj

¼ u2mk

v2k � 4 �Bð Þk
� �m

�
X

m

i¼0

�1ð Þi
2m

i

	 


v4k nþ1ð Þ m�ið Þ � B2kn m�ið Þv4k m�ið Þ

�Bð Þk 2n m�ið Þ�ið Þ
v2k m�ið Þ

;

and for odd n,

X

n

j¼1

�1ð Þ j
u2mk 2jþ1ð Þ
B2kmj

¼ u2mk

v2k � 4 �Bð Þk
� �m

� �1ð Þm �Bð Þkm
2m

m

	 


�
X

m

i¼0

�1ð Þi
2m

i

	 


 

�
v4k nþ1ð Þ m�ið Þ þ B2kn m�ið Þv4k m�ið Þ

�Bð Þk 2n m�ið Þ�ið Þ
v2k m�ið Þ

!

(ii)

X

n

j¼0

�1ð Þ j
u2mþ1
k 2jþ1ð Þ

�Bð Þkj 2mþ1ð Þ ¼
u2mk

v2k � 4 �Bð Þk
� �m

�
X

m

i¼0

�1ð Þiþn 2mþ 1

i

	 


u2k nþ1ð Þð2m�2iþ1Þ

�Bð Þk n 2m�2iþ1ð Þ�ið Þ
vk 2m�2iþ1ð Þ

:

If we take A ¼ B ¼ k ¼ 1 in Corollary 6, then, for odd

n, we obtain

X

n

k¼1

�1ð ÞkF2m
4kþ2 ¼ 1� 51�m

X

m

i¼0

�1ð Þi
2m

i

	 


F2
ð4m�4iÞðnþ1Þ
L4m�4i

:

Theorem 7 For m; n[ 0 and x 2 R� �1; 1f g;

(i) For even n,

X

n

k¼1

�1ð ÞkU2m
2kþ1ðxÞ ¼

1

22m�1 x2 � 1ð Þm�1

�
X

m

i¼0

�1ð Þi
2m

i

	 


U2 m�ið Þ nþ3ð Þ�1ðxÞU2n m�ið Þ�1ðxÞ
T2ðm�iÞðxÞ

;

and for odd n,

X

n

k¼1

�1ð ÞkU2m
2kþ1ðxÞ ¼

1

22m x2 � 1ð Þm

� �1ð Þm
2m

m

	 


�
X

m

i¼0

�1ð Þi
2m

i

	 


"

�
2T2 m�ið Þ nþ3ð ÞðxÞT2n m�ið ÞðxÞ

T2ðm�iÞðxÞ

�

:

(ii) For even n,

X

n

k¼1

�1ð ÞkU2mþ1
2kþ1 ðxÞ ¼

1

22m x2 � 1ð Þm

�
X

m

i¼0

�1ð Þi
2mþ 1

i

	 


�
T nþ3ð Þ 2m�2iþ1ð ÞðxÞUn 2m�2iþ1ð Þ�1ðxÞ

T2m�2iþ1ðxÞ
:

and for odd n,

X

n

k¼1

�1ð ÞkU2mþ1
2kþ1 ðxÞ ¼

�1

22m x2 � 1ð Þm

�
X

m

i¼0

�1ð Þi
2mþ 1

i

	 


U nþ3ð Þ 2m�2iþ1ð Þ�1ðxÞTn 2m�2iþ1ð ÞðxÞ
T2m�2iþ1ðxÞ

:
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Corollary 7 For m; n[ 0;

(i)

X

n

j¼0

�1ð Þ j
u2m2k jþ1ð Þ
B2kmj

¼ u2mk �1ð Þn

v2k � 4 �Bð Þk
� �m

�
X

m

i¼0

�1ð Þi
2m

i

	 


v2k 2nþ3ð Þ m�ið Þ

Bk 2n m�ið Þ�2ið Þv2k m�ið Þ

 

� 1

2
�1ð Þm

2m

m

	 


B2km




:

(ii)

X

n

j¼1

�1ð Þ j
u2mþ1
2k jþ1ð Þ

�Bð Þkj 2mþ1ð Þ ¼
u2mk

v2k �4 �Bð Þk
� �m

X

m

i¼0

�1ð Þi
2mþ1

i

	 


� �1ð Þn
uk 2nþ3ð Þð2m�2iþ1Þ

�Bð Þk n 2m�2iþ1ð Þ�2ið Þ
vkð2m�2iþ1Þ

��B2ki
u3kð2m�2iþ1Þ
vkð2m�2iþ1Þ

 !

:
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Kılıç E, Ömür N, Ulutaş YT (2011) Alternating sums of the powers of

Fibonacci and Lucas numbers. Miskolc Math Notes

12(1):87–103

Li X (2015) Some identities involving Chebyshev polynomials. Math

Probl Eng Article ID 950695

Ma R, Zhang W (2007) Several identities involving the Fibonacci

numbers and Lucas numbers. Fibonacci Q 45:164–170

Prodinger H (2008) On a sum of Melham and its variants. Fibonacci

Q 46/47(3):207–215

Wang T, Zhang H (2015) Some identities involving the derivative of

the first kind Chebyshev polynomials. Math Probl Eng, Article

ID 146313

Zhang W, Wang T (2017) Two identities involving the integral of the

first kind Chebyshev polynomials. Bull Math Sci Math

Roumanie 108(1):91–98

Iran J Sci Technol Trans Sci (2020) 44:425–435 435

123


	Powers Sums of the First and Second Kinds of Chebyshev Polynomials
	Abstract
	Introduction
	The Chebyshev Polynomials, the General Fibonacci and Lucas Numbers
	Alternating Sums of the Chebyshev Polynomials
	References




