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Abstract

Odd powers of even-indexed Chebyshev polynomials of the second kind and odd powers of odd-indexed Chebyshev
polynomials of the first kind were computed. In this paper, we evaluate all of the rest kinds of power sums of the
Chebyshev polynomials. We present the relationships between the Chebyshev polynomials and general Fibonacci, Lucas
sequences.
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1 Introduction

The Chebyshev polynomials of the first and second kinds
are defined as follows for n > 0
Tn+l<x) = ZXTn(x) - Tnfl(x)a
Upi1(x) = 2xU,(x) — Uy (x)
with To(x) =1, Ti(x) =x and Up(x) = 1,U;(x) = 2x,
respectively.
The Binet formulae of 7, (x) and U,(x) are

Tn(x):%{(x—kmynL(x—\/m)n] (1)

and
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U, (x)

:N%[(Hm)"“_(x_ xz_l)”“}
(2)

The general Fibonacci sequence {u,(A,B)} and general
Lucas sequence {v,(A,B)} are defined as for n > 0

Uuni1(A,B) = Au,(A,B) + Bu,— (A, B)
and
Vn+1(AvB) :Avn(AaB) +an,1(A,B)

with  up(A,B) =0,u1(A,B) =1 and vo(A,B) =2,
vi(A,B) = A, respectively. We frequently denote these
sequences briefly as {u,} and {v,}.

The Binet formulae are
un:(x —b and v, = o" + f",

o—p

where o, B = (A £+ VA2 +4B) /2.

Especially, if A =B =1, then u, = F, (nth Fibonacci
number) and v, = L, (nth Lucas number).

Prodinger (2008) computed the sums

n
2m-+-¢
§ : F2k+5

k=0

and their Lucas counterparts with ¢, 5 € {0, 1}. He showed
that
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(2m+1-2j)(2n+1)

2m+ 1
ZLZerl Z( . ) 4 4m
= Jj Lopmi1-2j
and
nlom\ F m—21)(2n
Zsz _ Z( ’ ) (2m—2j)(2n+1)
=\ J Fou_o;

2m 1
+ ( )<n+)+22’”‘.
m 2

Kilic et al. (2011) computed the following sums as alter-
nating analogues of the sums given in Prodinger (2008)

n

Z( D!FZm¢ and Z

k=1

2m+e
L2k+5 ’

where ¢,0 € {0,1}. They showed that for n > 0 and pos-
itive odd m,
)(2n+1)

1 & 2m ;
F2m - i(n+1)+ (m—i
S ; ( i ) Foi

1 /2m—1 1 [/2m
5m m 5m m R,

and, for m > 0 and even n > 0

n m—1
2m\ L m—i)(2n
So-ri =y () e

=1 i—0 \ ! Lo(m—i)

n 2m — 1 et
m

Li (2015) obtained the following identities involving power
sums of the Chebyshev polynomials T,(x) and U, (x): For
any positive integers n and m,

d 2+ 1\ U L)
2m+1 (2k+1)(n+1)—1
Sori) = (o ) P

k=0

n

> (=1)

k=1

and

1
2m+1
Z U (X2 _ 1)’”

2m+ 1 Ul (%
XZ( e+ )(_1),”-km_

=\ m—k Uz (x)

Ma and Zhang (2007) obtained the common formulas with
x" being represented by Chebyshev polynomials, then get
two identities about the Fibonacci numbers and Lucas
numbers. They showed that for any nonnegative integer n
and positive integer m,

n(m k)

= ey
1

Lok
N(m + k)! 2k

52, €\ Springer

and

n(m k>(k+ )
N(m+k+2)!

J2m+l _ 2’""'2 'Em:
1

T F2gernn-

Wang and Zhang (2015) gave several interesting identities
involving the derivative of the Chebyshev polynomials of
the first kind as follows:

- ! 2 ( 2m)' = 2m
> (i) = 47,,,( g

N & 2’":( 2m >(71)m—kr(l7n)T2.ki( )+S£f;[fl)T2k(i—1>(x)
o \m—k 4mri( — 1)U (x)

il 2m m— p(ivn)T2k n—+i (X) + q(ivh)TZk n+i—1 (X)

() o )l )
i \m—k dmri(x2 — D)"UR (%)

where r(i, n), s(i, n), p(i, n) and q(i, n) are

computable constants.

Zhang and Wang (2017) gave interesting results
involving the integral of the power sums of the first kind
Chebyshev polynomials. They showed that for positive
integers n and m,

>

k=0

T2m+1 ( )dy

O~

" 2m+1 1 7
= -z ——cCot
2+4m+ ,Z( ) k1 %4kt 2

and especially

5 o

As we mentioned above, odd powers of even-indexed
Chebyshev polynomials of the second kind and odd powers
of odd-indexed Chebyshev polynomials of the first kind
were computed by Li (2015). In this paper, we evaluate all
of the rest kinds of power sums of the Chebyshev poly-
nomials. We present the relationships between the Che-
byshev polynomials and general Fibonacci, Lucas
sequences.

_ T2n+|( ) X
22n+1) 2°

2 The Chebyshev Polynomials, the General
Fibonacci and Lucas Numbers

Now we will present relationships between the Chebyshev
polynomials and general Fibonacci and Lucas numbers.
First, we recall the following identities from Kilic and
Stanica (2009, 2011) that

U1k = Vilnk — (_B)ku(n—l)k
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and

Vin+1)k = VikVnk — (_B)kv(n—l)k-

Define the tridiagonal matrices H,(x) and M, (x) of order n

as
[2x 1 1
1 2x 1
H,(x) = 1 2x
1
L 1 2x
and
1 -
1 2x 1
M,(x) = 1 2x
1
L 1 2x

We also note the following known equalities
detH,(x) = Uy(x) and detM,(x) = T,(x),

where T,(x) and U,(x) stand for the Chebyshev polyno-
mials of the first and second kinds, respectively.

We define the tridiagonal matrices H, and M,, of order n
as

i (-B)"
(-B"  w (-B)
H, = (-B
(-B)
i B v
and
w2 ey _
B w8
M, = (-Bf  w
(-B)"
L (_B)k Vi i

From using the results of Kili¢ and Stanica (2011), we note
that

Uk(n+1)
U

detH, =

. 1
and detM, = Ean’

where u, and v, stand for the general Fibonacci and Lucas
numbers, respectively.

We give some relationships between the Chebyshev
polynomials, the general Fibonacci and Lucas sequences.
Consider

Uk(n+1)

=detH,
Uy
Vi (-B)
(-B)* Vi (-B)*
= (—B)* Vi
(-B)*
(-B)* Vi
v/ (—=B)¥/? 1
1 v/ (—=B)¥/? 1
(7B)nk/2 1 vk/(*B)k/z
1
1 w/(-B)?

= (-B "k/zdetH,, % ,

which gives us the relation between the Chebyshev poly-
nomial of the second kind, U,(x), and the general Fibo-
nacci numbers, u, of the form

_pB)/? U, Vk _ Uk (n+1) .
=8) 2(—B)¥/? g

We consider a special case of the last equality. If we take
B = 1 in the definition of {u, (A, B)} and k = 2, it takes the
form

(1)U, (Vz(A’ 1)> _ (A1)

-2 u (A, 1)
or
U VZ(A7 1) _ u2(n+1)(A7 1)
"2 w(A 1)

If A=1, then u,(l,1) = F,(nth Fibonacci number) and
vu(1,1) = L,(nth Lucas number) and so we derive the
result

3
Uy (§> = Faui1)-

A similar relation between the Chebyshev polynomial of
the first kind and general Lucas number could be given. For
this consider

52, €\ Springer
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= detM,
ve/2 (-B)*
B (-B)
= (-B)* Vk
(-B)
(-B)* Vi
ve/2(~B)"" !
1 v/ (—B)*/? 1
(-By"? 1 vi/(—~B)¥
' 1
L w/(-B)?

= (=B)"™detm, | —% ),
(—B) o)

which gives us the relation between the Chebyshev poly-
nomials of the first kind 7,(x) and the general Lucas
number v, of the form

_ pyk/2 Vi 1
( B) T, (2(—B)k/2> - 2vk”'

If we take B = 1 in the definition of {v,(A,B)} and k = 2,
the last equality takes the form

Al a(A, 1
(-1)'T, <v2( : )> _ A1)

-2 2
Also we can rearrange it as

r () el

If we take A = 1, then v,(1,1) = L,(nth Lucas number)
and so we derive the specific result

T, é :lLZn-
2 2

3 Alternating Sums of the Chebyshev
Polynomials

In this section, we will start with some auxiliary lemmas
and then present our main results about power sums of the
Chebyshev polynomials of first and second kinds and their
alternating analogues.

Lemma 1
n >0,

For nonzero integer a, any integer b and for

52, €\ Springer

0> Purs(v)
k=1
 Passl) = Po) ~ Patror) ) + P (0]
2(1 = P,(x)) ’
and

(i) S (1) Pacn ()
k=1
(=1)"[=Pagns1)+5(*x) + Pangs(x)] = Pays(x) — Pp(x)
2(1 + Py(x)) ’

where P,(x) stands for both the Chebyshev polynomials
T,(x) or Uy,(x).

Proof By the Binet formulae of 7,(x) and U,(x), the

claims follow.

O
Lemma 2 For any integers a and b,
(i) Tatp (%) + Tamp(x) = 2T4(x)Tp(x),
(i) Turn () — T () = 202 — 1)Uso1 (1) Up-1 (),
(iil) Ugap(x) + Uyp(x) = 2U,(x)Tp(x),
(iv) Ugyp(x) = Uap(x) = 2T4s1 (x) Up-1(x),
(V) Toga) () + 1 = 277 (),
(

Proof By the Binet formulae of 7,(x) and U,(x), the
claims easily follow.

O
Lemma 3 For n > 0, we have
i 2n "
( )Vk(2n 20) ( = - < B )(—B)k ,
ki 2 K|"
( ) Vk an—2i)(—B)"'= [vk—4(—B)}
2n
() )
n
n
z( ) o = 12 - 4]
<2n>32kn
n
n+1 . n
Z( )( ) 'tgan—si1) (—B)“'= {vk —4(—B)k} e
i=0
3)
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Proof Clearly, by the Binet formula, we see that

2. (2n Vi(2n—2i) 2
a— 2 n
z :< k > (73)7kl (vk )

k=0

and so
2n k(2n— 21 I k(2n— 21)
S-S
k=0 k=0
2 (2”) (211) k(2n—2i)
+ P + i
(=B \'n k:nZ+1 k) (-B)™*

Denote
2n k(2n—2i) 2 2n Vi(2n—2i)
S| = ( ) — and S, = -
; k) (-B)™" k;rl k) (-B)™*

Consider by v_y, = (— B)fknvkm
2n k(2n—2i)
S, = ( ) ,
i:Xn;l k) (-B)™"

Z ( o )M
+1<itntl<2n n+i+1/(-B) k(n+i+1)
 Vek@it2)

B) 7 py—k(ntitl)
( 2n — 1)

2” n—=21
= ( . ) (2 2]()1 = Sl.
o\ i/ (-B)

Thus, we have

2 (2n>
(_B)—kn n
and so

2n (2n—2i) 2 k(2n>
s 2 (g ,
= ;(i)<_3)_k, - (7

as claimed. Similarly, the other results could be proven.

I
i OM'

S o~

_ V—k(2n—2i)
k(Zn i)

Il
L OM

; ~.

2vi" =28 +

O

Theorem 1 For m,n > 0,

X Zm( 221< ")

" Ugm—2in—1 () Tem-2im)(x) 1 < Zm)
U217172i71 (X) 2om .

(i) ForxeR—{-1,1},

-
<
=T
[\S)
[
3
-

x2 _ l)m

« (2 T m—2i)(n U m—2i)n—
22(—1)‘( m) n=20)0+2) () U am-2iyn—1 (x)

Uzn—2i-1(x)

k=1 i=0
4k(m—i) n 2m
+X—VX2—1> )-22—m<m)
"1 &/ 2m n [2m
= Tagim—i (x
— 22m71 prc i ) dk(m l)( ) 22m ( m )
1 & (2m) & T ) n (Zm)
= S2m_ . 4k(m—i)\X) = 35,
rrtim\ i ) o 22\ m
1 2=/o2m\ & n (2m
= 22m—1 gy ( i ) £ T4k(m i) ()C) + 22m ( m )

If we take a = 4(m — i) and » =0 in Lemma 1, then we
write

-2 () 5 ()

y Tagm—iy(x¥) = 1 = Tamins1) (%) + Ta(m—in(x)
2 — 2T4(mfi) (x)

Using (ii), (iii) and (vi) in Lemma 2, we get

Lo -5 () m(7)

k=1

y Uam-2iin—1() T2m—2i)(n11) (%)
U217172i71 (x) ’

as claimed.

i @ Springer
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Corollary 1 For m,n > 0,

i V%E m21<2m> Uk(2n+1)(2m—2i)
= B2kmj p H Ban(m—i)uk(zm 20)

1

2 1/2m
n n—+ ( )
2 m

_ 22m—l

Up(n+1)(4m—4i)

2m
x n(m—i)—i + (7B)km(71)m(n + 1)( ) .
(—B)k<2 (m=3) )uk(Zm—Zi) m

Proof Using Tn< T Vk)k/z) =

1 Uk(2n+2)

(78)]"”/2 e

v _"171 2m\ Uo(m—iynVi(2m—2i)(n+1)
3 S () s

= i—0 \ 1 (_B)an(mﬂ)uk(Zm—Zi)
+n .
m

From the equality

in Theorem 1, we have

UktVin = Uk(n+t) — (_B)ktuk(nft)a

and the sum

we write
Xn: Vg _ rf < 2m> Up(2n-+1)(2m—2i)
= (_B)kaj pre i Ban(m_i)Mk(2m—2i)

_ 22m71

2n+1(2m
n n—+ ( ) .
2 m
The proof is complete. Similarly, the other desired result is

obtained.

O
Theorem 2 For n,m > 0,
()

n

k:Z] T221:n+1 22,,, 1 Z( )

i=0
" Tom-2i)(n+2) () Um-2in-1(x) ~ n (2’")

Usm—2i—1(x) 22\ m

22, Q) Springer

20 B)kn/Z and U, (( )A/Z) =

(iil) Forxe R—{-1,1},
U%l:n+l( AMmi2 1\ [2
; 22 _1 z:O

Tom—2i)n U, (2m—2i)— m 2
o Lam-2i 1+3) () Un(am—2i) l(x)+n(_1) < m>]
Uzn—2i-1(x)

m—

/\
\_/

Corollary 2 For n,m > 0,

@)
> — e e
m i+
e B)(2;+l)k j
_ = (2m> Uk (4m—di)(nt 1)
pr N (*B)k(znﬂXm_l)“k(szzi)
2m 2m
% _ i (n 4 1)< )
(—B) m
(ii)
iugzn(/ﬂ) B2y 2m m_l( 1)[(Zm)
Jj=0 B2 (v,% —4(—B)k>m i=0 i

Uk (2n+3) (2m—2i) B m2n+3 [ 2m
x B0y, +(=1) 5 )

If we take A = B = k = 1 in Corollary 2, then we have
the following results

1)
T/ 2m N\ Flam_aiyonin
Lzm ( ) (4m—4i)(2n+2)
2m
—32’"+(n+1)( >
m
(i)

1 (22 /2m F(4m—4i)2n13)
F2m _ -1 i” (dm—4)(2n+5)
; 4j+4 5m (1.0 ( I ) ( ) F4m—4i

) ()

Theorem 3 For m,n > 0,

(i) For even n,
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ST = 2[ (%)

k=1

><U(rH»l)(m—i)—l(x)Un(mfi)fl(x) (=1)"- <m>}

Tm,,-(x) 22

and for odd n,

ST = - g [2(2’" )

k=1

Tom—iy () Tns 1y(m-i (x) ~ (=1)"=1 [ 2m
x Tp—i(x) * 22 ( )1

(i) Forevennandxe R—{—1,1},
- _ ky2m _ -
3 = WA )

Um—iy(n+3)-1() Un(m—iy—1 (%)
Tmfi(x)

X

and for odd n,

Z(—l)"Ui’“(x) = m

k=1
S [(—1)"’(2"’) -2y ()
Tin-iy(n+3) () Tun—i) (x)} .
Tn—i(x)

Proof

(i) Consider

22m{(x+\/x2— x—\/xzj)krm

(2:!1) x+\/x271> ( 7\/x271>k(2””’v)
:i (1) <2m)( x+\/)-62——>k(2m—i)<x_\/)_62___1>ki
k=
+(x+\/ﬁ)k’( )k<2m o)

By the Binet formula of 7,(x), we have

Taking @ = 2(m — i) and b =0 in Lemma 1, we
write

n

> (=11 (x)

k=1
1 2m\ (=) -1
oo ( m )f

N 1 &/ 2m
22m—1 — i

Dm0 + 1+ (=D Ty ()
14 Ty (x)

For odd n, using (i) and (v) in Lemma 2, we have the
claimed result. Similarly, for even n, the desired
result is given. Now we will prove the claim (ii).
Consider

n n

D DU =) (1)

k=1 k=1

~ mZ (e
X <x+ vVt — 1) (xf vV — 1)<k+1)(2m_i)

" o omN
x {;wf;( )
><<(x+\/x2——><k+l )(2m—i) . m)(kﬂ)i

<x+\/xz—) (k+1)i ( Va1 (k+1)(2m—i)>

i @ Springer
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Taking a = b =2(m — i) in Lemma 1, we write

n

S U ()

k=1

1 wf2m\ (=1)"=1 I~/2m ;
= (-1 -1
w0 G S 5 (e
% T4(m—1) (X) + TZ(m—/'J (}C) + (7 1 )”+1 (T(n+2)(2m—2[) (x) + T(n+l)(2m—2[) (X))
1+ Ty (%) ’

Using (i) and (iv) in Lemma 2, we have
z 1
§ DU = — —
( ) k (‘x) 4m(x2 N 1)m

k=1

()i
" T3(miy (%) + (= 1) Tion3) i
Tm,;(x)

For even n, from (ii) and (iv) in Lemma 2, the claim
is obtained. Similarly, the desired result for odd # is
proven.

O
Corollary 3 For m,n > 0,

(i) For even n,

n 2m

Y
—1)/ ki
Z( ) (_B)]km
_ z’": (2m> Vim—i)(2n+1)
. i (_B)k(mft)nvk(mii)

SRt

RN RS ( 2m ) Vi(m—i)(2n+1)
22m ( Z i (_B)k(n17i>llvk(m7i)

(i)

i @ Springer

Theorem 4 For m,n > 0,

(i) For even n,
. - 1—(=1)"(2m
kz::l(_l)szzk (x) = 22mt1 ( m )
1 m
22m 1 Z( i >

i=0

% U2(n+1)(mfz

=1 m
. 1 i <2m) T2n(m—l) (X)TZ(n-H)(m i) ()C)
2t \ i Tam—i) (%)

@ii)) For even n,

y Uam-2i+1)(n+1)-1 () Uam—-2i1)n—1(X)
Tom-—2iy1(x)

and for odd n,

- 1
k2m
Z(—l) T22k )= ~om

k=1

" 2 1 m—2i n T m—21i n
xZ( " ) (en-2i+1)(r+1) () Tam-2i+1n ()

pary Tom—2is1(X)
Corollary 4 For m,n > 0,
()

Vk _ Vk@m-2i)(2n+1)

k(2m—2i) nvk _2)

(i1)
- j 1 2m+l n - 2m +1
Z(_I)J B vy = (1) Z

i=0
Vk(2m—2i+1)(2n+1) 2
x (_B)k(21n72i+l)n -2

Vik(2m—2i+1)
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Theorem 5 For m,n > 0, Corollary 5 For m,n > 0,
(i) For even n, @)
n n . 1
k
S (=0T () () g it
k=1 J=1 (—=B)
1= (=1)"(2m (x2—1) 2m\ (—=1)"—-1
=Tt \ o ) T =)
"~ (2m\ Ugam—2iyn—1()Ugm—2i)(nt2)-1(x) "/ 2m i
% . 1 n _B (i—m)
;( i ) Tom-—2i(x) * );( i >( )
and for odd n, y B2y a1y — (— 1) Vikameai
S0 ) = <2n1> Vam=20)
_ )=\
- 2k+1 22m+1 m (11)
B 17 Z 2m T(Zm—Zi)n ()C) T(2m72i)(n+2) (X) ) i(_ | )j 1 vzm_!—l
22m—1 0 1 T2m—2i(x) i—1 (—B)k](2m+1) K@D
i=! Jj=
e[ 2m+1 ;
—Cr> (e
i=0 t
(i) For even n, o (=B)*" 2"y i 2) 1) — Viamain)
. 1 Vi(2m—2i '
DT () = 53 (0 = 1) Hom2i
k=1

2 2m+ 1 Um—2i+1n—1(*)Ugm—2i+1)(n+2)-1(X)
xz;( ,~ )><
P

Theorem 6 For m,n >0 and x € R —{—1,1},
Tom2iv1(X)

(i) Forevenn

and for odd n, n s
g > (DU
krp2m -
Y (—DF T3 () k=1 1 ) )
k=1 . m
- - -1 i
:_L 22m_1(x2_])m—l;( ) ( i )
22m
" Unm—i)(n42)-1 () Ua(m—iyn—1(x)
2m 41\ Tom—i+1)n () Tam—2i+1)(n+2) (%) (m=)(n+2) : (m=1)
XY ' . Tomi) (¥)
= i Tom-—2iy1(x)
and for odd n,
- 1
(—1)kU§Z"(X) =S
kz:; 22 (x> — 1)

Jer () -2Ssen()

Tam—iy(n+2) (%) Tan(m—i) (x)}
T2(m—i) ()C)

X

i @ Springer
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(i) For even n, (i1)
zn: ky2m+1 - T wn
(=D Uz (x) (D) — G = p 0
P =R (- a-p))
2m + 1 - ; 2m + 1 Up i
i+n (n+1)(2m—2i+1)
2m 2 _ ’”Z ( ) X (71)+ ( . > n(2m—2i+1)—i )
2 X ; ! (_B)k( (@m=2it) )Vk(2n172i+1)
“ T(n42)(2m—2i+1) (X )Un(2m—2i+1)—1( x)
T2 (%) If we take A = B =k =1 in Corollary 6, then, for odd
and for odd n, n, we obtain
- - k - 2m F(24 4i)(n+1)
k m m —m i m—4i)(n
Z(—l) vy o) > (-1, = 1= sy (o () ety
k=1 k=1 i—0 l Am—4i
M 2m+ 1
= g mz Theorem 7 For m,n >0 and x € R — {—1,1},
o U(n+2)(2m72i+1)71( )Tn(2m72i+1)(x) (i)  For even n,
Tom—2iv1(x) . - ko 1
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