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ON CONGRUENCES INVOLVING THE GENERALIZED
CATALAN NUMBERS AND HARMONIC NUMBERS

SiBEL KOPARAL AND NESE OMUR

ABSTRACT. In this paper, we prove some congruences involving the gen-
eralized Catalan numbers and harmonic numbers modulo p2, one of which
is

p—1 1
> KBy iBpg—a=4(-1)" {gd (2d? +1) (4pHq — 1)
k=1

26 . 4 701
—p( =d®+ =d®+ —d+ = d p?),
p(g +3 +9 +2)} (mod p~)

where a prime number p > 3 and 1 < d < p.

1. Introduction

The Catalan numbers have important applications in combinatorics, number
theory and the analysis algorithms in [5, 6,8, 10].
In [10], Shapiro gave the generalized Catalan numbers B, j, as follows:

k/( 2
Bnk( n>,0§k§n.
’ n\n—£k

The numbers B, are the entries of the Catalan triangles and satisfy the
recurrence relation

Bk = Bp_1k-1+2Bn_1x +Bn_1 41, k=2

with the initial conditions B, o = 0 = By n4+m, m > 1. The numbers B, ;
are not known as Catalan numbers. However they have several applications
[3,7,10].

Note that for £k =1, By, ; are the well known Catalan numbers

1 2
Cn: (n>7 nZl.
n+1\n
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Harmonic numbers are those rational numbers given by

, nezr,

i

n
Hy=0, H,=}_
k=1
and for m € ZT, harmonic numbers of order m are those rational numbers
"1
Hy o = Z T NE Z®.
k=1

Some interesting properties of harmonic numbers are given as follows [1,2,4,11]:

n—1

km
(1) Zn_ka:nm(H"(HniHm)7Hn,2+Hm,2),
k=1
n—1 n+1
2 E™H, p=n—— (Hp1 — Himi1),
@ k=1 Fe m+1( 1 +1)
< n+1 1
ka — pm Hn _ ,
"\ H, 1
k=1

where ™ stands for the falling factorial defined by
st =z(x—-1)---(x—m+1).

In [12], Sun showed that for any odd prime p and 0 < k < p,
k(p—1) _ Py _ 2
(5) (1) ( B )_ H (1_],):1_ka (mod p?).
0<j<k

In [6], Gutiérrez et al. gave some identities involving well-known Catalan num-
bers. For example,

- 2(n —1
E BmBn’nHm(n+2i—m):(n+1)C’n< (n 1)>, m < n,
m—
i=1

- 1
ZZ (Bn,i)2 = %Oncn—l-
=1

In [8], Miana and Romero showed the following identity that for 1 < m < n,

s , 3 2n\ (2(n — 1)\ , )
Z;Bn)iBn’nH,m(n—&—Qz—m) :<n m— 1 (n +4n—2nm—|—m).
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In [9], Omiir and Koparal obtained various congruences involving the numbers
By, 1—q. For example, for 1 <d <p—-1,

p—1
2

> ByuByi—a=4(-1) <—2d +p (Sd(Hd ~D+5- 3)) (mod p?)
k=1
and for 1 < d < p,

p—1

> kBpkBpi-a=2(—1)" (=2d* +p (1+8d* (Hy — 1) — 4d))  (mod p?).

k=1
In this paper, we prove some congruences involving the generalized Catalan
numbers and harmonic numbers modulo p?, one of which is

p—1

1
Z k2B, xBpg—q=4(—1) {3d (2d* + 1) (4pHy — 1)
k=1

%, 4., 7 1
(2B + &+ ~d+ = mod p?
p(9 37 79 2)} (mod p7),

where a prime number p > 3 and 1 < d < p.

2. Some congruences involving the generalized Catalan numbers
and harmonic numbers

In this section, firstly, we will continue our work with the following lemmas.

Lemma 2.1. Let p > 3 be a prime number. For0 < m <p—1and1 <d <
p— 1, we have

p—1
Z k™ Hy_q
k—d

=(p+d- 1)’”]% —(d- 1)mmi+1 (; + Hy— Hmﬂ) (mod p).
Proof. Observed that
pd—2 -1 p—1
Z E™Hpiq 1-k = Z E™Hpi g 1-p + Z K™ Hpq—1-k
k=1 k=1 k=d

p+d—2
+ Z K™ Hpiq—1—k-
k=p

From the congruences for 1 < k, m < p,
H, ,=Hi_1 (modp), (p+k)™=k™ (modp)and

6 1
( ) Hp+kEHk+5 (modp),
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we have
p+d—2

p—1 d—2
Z K™ Hpq—1— k—zk <Hd 1—k + >+kaHk—d+kaHd—1—k
k=0

=d
- - p—1
1
=2 Z KPHy 1)+~ Z k4 Z E™H;_4 (mod p).
k=1 gyt k=d

Considering (2) and (6), we write

p—1 p+d—2
kaHk—dE Z E™Hpy g 1k — QZk Hy_1— k**Zk‘m
k=d
d p+d
= —(d-1)2—"(H;- H, d—1m—LTC
(d=1)= = (Ha +1)+(p+ ) p(m+ 1)
=
_,ka (mod p).
Pia
It follows from the sum kz kﬂ:ﬁ((n+1)nﬂ—a(a—l)ﬂ) that
p—1
kaHk—d
k=d
p+d d 1
= d-—1)"2— —(d—1)2 H;— H,, d p).
rd= L @t (S Hy = Hya ) (nod )
Thus, we complete the proof. ([

Lemma 2.2. Let p be an odd prime. For 1 <d <p—1, we have
1 9 9 2
Z EHk—d =H, 41— Hpra12—2Hy 1 +2Hq 12— };Hd—l (mod p).

Proof. We write
p+d— 2 p+d— 2

Z Hp+dk1 Z Hp+dk1+z —Hpyq p—1+ Z Hp+dk1

From the congruences Hy i, = Hy + 5 (mod p) and H,,_y = Hx—1 (mod p) for
1<k <p, we get

p+d— 2 dfl1 1 p—1 1
Z k: ;D+d k-1 = ZE (Hdk1+p) + Z EHk,d
k=1 k=d+1
d—2
Hy 4 1
+ + ——Hy 5 mod
» gp—&-k d—k—1 )
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By the congruence zﬁ = % (mod p) for 1 < k < p, we have
p+d— 2 d—2 1 p—1 H
d—1
Z k Hyrqg-k-1=2 %Hd k-1t Z ka—d+2 (mod p).
k=1 k=d+1 p
Con51der1ng the sum
n—1 1
7 —H,_r=H2-H,
( ) Z k k n »2
k=1
from (1), we get
Hl gy —Hyra12=2(Hj | — Hao12) (mod p)
k= d+1
Thus the desired result is obtained. O

Lemma 2.3. Forn € N, we have

n

I i A R o

k=1
Proof. Observed that

n k n n
I N 3 R D NI

k=1 k=1 j=1 =17 k=j
n 1 n - n 1j71 b oo
e DG M =D W G

= k= = k=

n

k
Applying 3 (=1)" k2 = (—1)" ("), we write
=1

S (DR, = (1) (”; 1) Hot 5301 G- 1).

k=

=

,_.

<.
Il
-

By the sums
" P B 1 g r_ (=D -1
Z(—l) k——Z+T n+§ aIld Z(—l) —#,
k=1 k=1
we conclude the proof. O

Now we give some congruences involving harmonic numbers in the following
theorems.

Theorem 2.4. Let p be an odd prime. For 1 < d < p, we have

p—1

By By 2
3 W =4(-1) {Hd + Hy 1 + PR (4H7 +4H
k=1
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—2H45—2Hg 15— H},y—H} 4 1)} (mod p?),
and for 3 < d < p,

p—1

> (1) KBy By i—d

k=1

4d+4p{1+(_21)d+ ("3 7) (rpsgs + Hpesge )

() (i) + gy - o s

Proof. From By, j,—q = — By q—1 for k < d, we write
-1 d -1
1)2: By rBpr—d _ 3 BykBp—a | ]DE: By i Bpk—d
k k k
k=1 k=1 k=d+1
d—2 1
_ p,kB d—k pz By, Bpk—d
k
k=1 k=d+1

VEAYEE"
pP\p—1/\p—d+1)

For 1 < k <p and d+ 2 < k, using the congruence

(8) Bpr-a=2(-1)"""(1—p(Hy a+ Hi1-4) (mod p?),

in [9], we have

p—1

Z By, 1k Bp k—d
k
k=1
d—2
_ d Hy + Hy 4 SHy o+ Hy
sy [y 5 e
k=1 k=1
p—1 d—2 p—1 p—1
1 1 Hy g+ Hg a1 Hi+ Hp
+ k PP k P2 k }
k=d+1 k=1 k=d+1 k=d+1

hS]

1
E4(—1)d{pH§2+p(H§+H§I—Hd’g—Hd1$2 d_ 1>+Hp 1— Hd—Hd,Q

—p (H§+d,1+H wa—Hpra12—Hpyra2—2 (Hd,1+Hd_Hd—1,2_Hd,2))
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1 2p 2p
H H F[Q F[Q 2
2(Has a) = P(Hpy d)} p? <p—1> (p—d+ 1> (mod p).

Since the congruences Hp o = Hpo + p% (mod p) for 1 < k < p—1 and
H,_1 =0 (mod p?), we have

p—1
Z B,k Bpk—a

k
k=1

2 1
= 4(—1)d {p — Hd_Q + 2Hd_1 + Hd +p <H62l—2 + 4H§ — d—1>

—p(Hp g1 —3HF | +2Hg 15+ H}, ;+2Hy)}

1/ 2p 2p 2
#(7)(00) o

For 1 < d < p, taking the congruence

d—1 2p 2p
p? \p—d+1/\p—1
2
4(-1)* (1+ P42 —p—2pHd> (mod p?),

d—1 d

in [9], we obtain the desired result. With the help of Lemma 2.3, the proof of
the other result is given. O

9)

For example, for p > 5 and d = 4 in Theorem 2.4, we obtain the congruences

p—1
By xBp k- 47 2 1817
ZW_4<12+p+p<72H§+4Hp2+3>> (mod p?)
k=1

and

y 11

> (1) KBy By s = —16+4p {2 +10H | pys | — 6HLP;2J} (mod p?).
k=1

Theorem 2.5. Let p > 3 be a prime number. For0 <d <pand0 <m < p—1,
we have

i k™ B, 1By k—d

k=1
_ 4(_1)d | m m m
=i pm-D)=)"~@+d)(p+td-1)"~(p+d+1)(p+d™

+2p(2Hq — Hy) ((d+ 1) d™ 4+ d(d — 1)™)

8d m . o m+1, m 2
—p ((m—s—l)(d_l)+m(d+(d_1))>} (mod p~).
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Proof. Observed that

p—1 d p—1
> KB,k Byi-—a =Y K™ BpiBpr-a+ Y k2ByiByi—a.
k=1 k=1 k=d+1

From B, —q = —Bp,a— for k < d, we get

p—1 d—2 p—1
Z kme,kBp,k—d = — Z kme,kBp,d—k + Z kme,kBp,k—d
k=1 k=1 k=d+1

d—1

7 @-uE (p —25+ 1) <p2—pl>'

It follows from (8) that

p—1

> k™BykBpk-d

k=1

d—2 d—2 d—2
=4(-1)" {—ka‘i‘l’zkm(ﬁ’k + H-1) +pz:]fm (Ha—k + Ha—k-1)
k=1 k=1 k=1

p—1 p—1 p—1
+ > kKm—p > K™ (Hi—atHp-a1)—p > k™ (Hy+Hy- 1)}
k=d+1 k=d+1 k=d+1

e 2)()

According to (2), (3) and Lemma 2.1, using the sum

Sk = (et D afa— 1),

m
k=a

we obtain
p—1
> k™BykBpk-d
k=1

» (_1):( i; W+QP (D2 (1)

2d(d — 1)m .
+p ( ol (Hay1 — Himg1) + 5717+1) (Hg — Hpy1) — (d — 1))

(p+d)(p+d-1)™ d(d-—1)™ (p—l—d—&-l)(p—&-d)m_(d—i-l)dﬂ)
m+1 p(m+1) p(m+ 1) (m+1)

2p( HL 1 B d+1d H B 1 7(p_ )nL_d'm
G— m+1 W m

Snmo(d+ 1>dm>) - 2>m}

—-p

—-p

ST
e

m+1
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d—1 m 2p 2p 2
———(d-1)— d p7).
Y (p—d+1><p—1> mod 77
From (5) and (9), we write

p—1
> k™BykBp-d
k=1
d—1)(d—2)2 (d—1)(d—2)= 1
SRR B Gl V1 C k) e Y O (Ul S S
( ){ m+ 1 +p< m+ 1 T
2(d+ 1) dm 2d(d — 1) .
<(m+)1 (Hay1 — Hmy1) + EniJrl) (Hqg — Hims1) — (d — 1))
p+d dd—1)= p+d+1
_ d—1)m _ d)™
m—|—1(p+ ) m-+1 m+1 (p+d)
P ey g (00t m b N gm
mrimeD p( 2 Hen - ooy )~ (GO mi = d)
(g -1 P 2£ —p— _ P _om 2
(d—1) (d—1+d+1 D 2pHd> m(d 2)} (mod p?).
Using the identities (}) = %(2:}) and (}) = (";1) + (Zj), we have
p—1
> k™BykBpr-d
k=1
4(71)d m m m
=g em-DIEDT = (ptdp+d-1D)=—(p+d+1)(p+d=
+2p (2Hy — Hy,) ((d + 1) d™ + d(d — 1)™)
8d m o m+1 m m 9
This completes the proof. ([l

Corollary 2.6. Let p > 3 be a prime number. For 0 < d < p, we have

p—1

1
> k?BpkBpr-a =4 (-1)* {3d (2d* + 1) (4pHq — 1)
k=1

26 4 7 1
| =+ -+ —d+ = d p?).
p<9 T30ty +2)} (mod p7)
Proof. When m = 2 in Theorem 2.5, using the congruence

p—1
> kByiBp-a=2(—1)" (=2d* +p (1+ 84 (Hy — 1) —4d))  (mod p?)
k=1

in [9], the proof easily is obtained. O
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For example, for p > 3, d = 2 in Corollary 2.6, we have
p—1
Z kB, xBpr—2 =2(11p—12) (mod p?).
k=1
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