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In this study, some new results are obtained on asymptotic behavior and
stability analysis of the mixed type differential equation

0

x’(t):/le(t—rl(e))dv(9)+/ x(t+r(0))dn(6),

=1

where x(t) € R, r1(0) and r,(0) are real nonnegative continuous functions on
[—1,0], and v(8) and 7(0) are real valued functions of bounded variation on
[—1,0]. These results were obtained by using an appropriate real root of the

Email: sandra.pinelas@gmail.com characteristic equation. Moreover, by the use of two appropriate distinct real

) ) roots of the corresponding characteristic equation, a new result on the
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behavior of solutions is established. Five examples are also given to illustrate
our results. We also presented the application of the obtained results in the
special case of constant coefficients and have given three different cases in one
example. The results obtained in this article show that real roots play an

important role.
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1 | INTRODUCTION AND PRELIMINARIES

Mixed type functional differential equations are a special class of functional differential equations where the time deriv-
ative depends on both past and future values of the variable. The reader is first directed to Rustichini' for a brief discus-
sion of the motivations for studying such equations. Later the reader is advised to read articles by Cassell and Hou,?
Mallet-Paret,® Krisztin,* Iakovleva and Vanegas,5 and references therein. Mixed type functional differential equations
appear in, for example, optimal control problems,’ nerve conduction theory,” models for economic dynamics,® and the
description of traveling waves in a spatial lattice.>*!

Consider the differential equation of mixed type

0

X (t) = / :x(trl(e))dv(e)+ / X(t+72(0))dn(8), t0, (1.1)

-1

where x(t) € R, r1(0) and r,(0) are real nonnegative continuous functions on [—1,0], and v(@) and #(0) are real valued
functions of bounded variation on [—1,0]. These integrals are Riemann-Stieltjes integrals. It will be assumed that v and
n are not constant on [—1,0].
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Let
||r1]| = max{r;(0): —1<60<0} and ||r,|| = max{r,(0): —1<60<0}.
Along with the mixed type differential equation (1.1), we specify an initial condition of the form
X()=¢(t), —lnll<t<|ral, (1.2)

where the initial function ¢ is given a continuous real-valued function on the interval [—||r||,||72||] satisfying the con-

sistency condition
/ d(—r1(6))dv(0 / d(r2(0))dn(0).

The consistency condition for the initial condition ¢ will be assumed throughout this article.

The initial value problem associated to (1.1-1.2 can be ill-posed. This leads to some questions concerning the
admissibility of the function spaces for abstract Cauchy problems of functional differential equations. On this subject,
we call the attention of the reader to previous works.'>!* However, it is possible that this initial value problem can be
applied (see previous studies*>'*2°). A similar application was made for mixed type difference equations in
Yenicerioglu et al.*!

Equation (1.1) represents a broad class of linear functional differential equations of a mixed type. The similar
equation is considered by Krisztin®* in some mathematical applications seen in the literature, such as in previous
works."*7#?2 Also, Malique®® did his doctorate on the oscillation and numerical field related to Equation (1.1).

When 7(0) is a null function, then Equation (1.1) reduces to the retarded functional differential equation

X (1) = / le(t — 1 (0))dv(0).

The stability behaviors of this retarded functional differential equation are obtained in previous studies.?**

Cooke and Ferreira’* have achieved the stability of solutions over a cone defined as the region of stability.
Yenicerioglu et al.>> investigated the asymptotic behavior of the solutions and the stability of the zero solution
using a suitable real root for the characteristic equation. Pedro**>® established the oscillatory criteria for retarded
functional equations. Ford et al.*® used the numerical method in the same equation. For the retarded functional
equations, we naturally extended the theoretical results obtained in Yenigerioglu et al.>> to the mixed type differ-
ential equation (1.1).

The authors in previous studies obtained very interesting results regarding the oscillation behavior of the solu-
tions of Equation (1.1). Ferreira and Pinelas’*>? have obtained some criteria to guarantee that all solutions of
Equation (1.1) are oscillatory. In addition, Pinelas** also took into account the existence of nonoscillatory solutions.
Ferreira et al.’' have established some analytical and numerical criteria to ensure that all solutions of Equation (1.1)
are oscillatory.

The stability theory of delay differential equations has received a large amount of attention during the last 30 years,
as one can see through the textbooks®* % and references therein.

By a solution of (1.1), we mean a continuous function x: [—||r;]|,+00) — R, which is differentiable on [0,+0) and
satisfies (1.1) for every ¢ > 0.

If a solution of (1.1) is searched in the form x(t) = e* for ¢ € R, the characteristic equation of (1.1) will be

30-32

0 0

2= / - O)gy(g) + / &0 dn(9). (13)

-1 -1

Sufficient conditions are obtained for the existence of real roots of the characteristic equation (1.3) in Section 4.
The linear autonomous mixed type differential equation is a special version of Equation (1.1)
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:iaix(t—ri)"‘ibjx(t"‘fj), (1.4)
p =1

where a; and b; are nonzero real numbers and each r; and 7; are positive real numbers (i=1,...,p and j=1,...,q). Such
equations can arise in the study of traveling waves in regions with nonlocal interactions initiated in previous works.*'?
As is well known, this equation can be obtained from (1.1), under the assumption that v(8) and #(6) are step functions
with numbers p and g of jump points. More concretely, it can be obtained from (1.1) with v(0) and #(0) given explicitly,
for example, by

p 9

)=>_ H(O—60)ai, n(0)=>_ H(0—¢)b;,

i=1 Jj=1

where for —1<6; <..<6#,<0and —1<{; <..<{, <0, by H we mean the Heaviside function and r() and r,(0) are
continuous and nonnegative functions on [—1,0] such that r,(6;) =r; and r, (Cj) =1, fori=1,..,p and j=1,..,q (see
resource for detailed information,” €hapter 7:9),

The reader can look at previous works'***

and references therein of the equation
X (t)=ax(t—1)+bx(t+1),

which is a special case of Equation 1.4. In these references, existence and uniqueness are obtained for this equation
under certain conditions. The numerical approach to this equation can be seen in previous studies.***3*3°

Mallet-Paret® developed a Fredholm theory for mixed-type equations such as Equation 1.4. Later, Mallet-Paret® used
this Fredholm theory to prove the existence, uniqueness, and other properties of monotone traveling wave solutions of
spatially discrete dynamical equations and moreover, Mallet-Paret and Lunel™ introduced the idea of factorization
solutions in the autonomous case by applying the Fredholm theory. Furthermore, exponential dichotomies are created
for an equation such as (1.4) (see previous works'®*® Section 3). Rustichini' considered the linear autonomous case,
and this author examined the spectrum of the unbounded operator and constructed continuous semigroups on stable,
center and unstable subspaces. Similarly, Mallet-Paret and Lunel'® obtained the decomposition of the state space into
stable and unstable subspaces with associated semigroups or evolutionary processes. In the autonomous case, the
authors additionally obtained the representations of the semigroups in terms of retarded and advanced equations. In
Section 7 of this article, we considered the autonomous case, namely, Equation 1.4. We obtained the stability analysis
of the zero solution of Equation 1.4 using an appropriate real root of the characteristic equation.

Iakovlev and Iakovleva'® used a step derivation method and some conditions in an initial function to guarantee
the existence, uniqueness, and smoothness of the solution of the linear inhomogeneous mixed-type differential equa-
tion. Also, the authors defined a transformation group on a complete countably normed space of initial functions and
examined the spectrum of the infinitesimal generator of this group. Yilmaz and Ismailov*' examined all boundedly
solvable extensions generated by first-order linear inhomogeneous mixed-type functional differential operator expres-
sions in the Hilbert space of vector functions on a finite interval. The authors also obtained the structure of the spec-
trum of these extensions. In a doctoral thesis in Mbuyongha,,° "' 2 jt was generalized to the rather challenging
case of distributed deviating arguments by introducing a recurrence relation and providing the necessary conditions
for the existence and uniqueness of solutions of linear mixed-type functional differential equations. In addition, the
conditions under which a semigroup theory can be applied to linear mixed type functional differential equations are
investigated by providing a function space whose elements satisfy the semigroup requirements. In another PhD,
Hupkes*? provided a center manifold framework for autonomous mixed-type differential equations. Hupkes and
Augeraud-Véron'® reviewed the well-posedness initial value problems for scalar functional algebraic and differential
functional equations of mixed type. Similarly, it is shown how the system can be written as a classical Cauchy problem
in a suitable Banach space, provided that the initial value problem related to the linear autonomous mixed-type differ-
ential equation given in Marmol and Vanegas'® is well presented. Then the semigroup associated with the ordinary
differential equation and its infinitesimal generator are given and some important properties of these operators are
proved. In Agarwal et al.,* Chapter 5 nonoscillation properties of linear mixed-type differential equations are given and
their positive solutions are obtained.
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Equation 1.1 for r1(6) = —aé (a>0) and r,(0) = —bd (b>0) is reduced to the class of linear mixed-type functional
differential equation

0

x’(t):/olx(t+a€)dv(9)+/ x(t — b0)dn(0)

-1

or

X (t) = /Oax(t+9)dv<§) - /zx(t—l—ﬁ)dn (—g)

Then, if we set u(0) =v (%) = —n(—%), the above equation becomes

X (t) = / ]i x(t+0)du(0), (1.5)

where u(0) is real valued function of bounded variation on [—a,b]. Note that a special case of (1.5) can be written as
in 1.4 by using the step functions as mentioned above. This is one of the most common linear mixed-type functional
equations seen in the literature'” (see also previous works*'*** and the references therein). Equation (1.5) is consid-
ered in a deterministic case and an economic application of such an equation is stated. The authors also obtained
the necessary conditions for the existence, uniqueness, and stability of a solution of Equation (1.5). In other words,
d'Albis et al.'” have given a precise characterization of the dynamics lying on the stable manifold, using the analyti-
cal properties of the model. The authors calculated a threshold value such that all roots whose real part is smaller
than this threshold belong to the stable manifold. The authors also proved analytically that, for a given initial condi-
tion, the equation that characterizes the dynamics on the stable manifold has a unique solution. However, d'Albis
et al.'” has no information about asymptotic behavior and exponential estimate of solutions. Our aim in this article
is to apply a different method than the article in d'Albis et al.'” for the stability of Equation (1.1). Namely, we
obtained the asymptotic behavior of the solutions using an appropriate real root of the characteristic equation (1.3),
and then we construct a useful exponential estimate for these solutions and finally provide a stability criterion. Fur-
thermore, by using two appropriate distinct real roots of the corresponding characteristic equation (1.3), we obtained
the lower and upper bounds of the solutions. The real roots used in this article will show that they play an impor-
tant role in determining all results. The techniques used to obtain the results are a combination of the methods used
in previous works.>>*%’

In reality, there is usually no gain by including arbitrary continuous functions r,(8) and r,(8) in Equation 1.1, but
there may be some gain in convenience. That is, a special case of Equation 1.1, Equation 1.4 or 1.5 may arise.

The results given in the next sections (Sections 2-7) are formulated into five theorems (Theorems 2.1, 3.1, 6.1, 7.1,
and 7.3), four corollaries (Corollary 2.2, 4.2, 6.2, and 7.2), five lemmas (Lemmas 4.1, 4.3, 4.4, 6.3, and 7.4) and six exam-
ples (Examples 5.1, 5.2, 5.3, 5.4, 6.4, and 7.5). Theorem 2.1 in Section 2 creates a basic asymptotic result for the solution
of (1.1)-(1.2) and Corollary 2.2 concerns the special case of Theorem 2.1. In Section 3, the estimates of solutions (1.1)-
(1.2) and also the stability criteria of the zero solution of (1.1) are determined by Theorem 3.1. Here, Theorems 2.1 and
3.1 are obtained using an appropriate real root o of the characteristic equation (1.3). In Section 4, Lemma 4.1 estab-
lishes sufficient conditions for the characteristic equation (1.3) to have a real root with a suitable property. Using this
Lemma, the stability criterion was established in Corollary 4.2. Lemma 4.3 and Lemma 4.4 are related to the real roots
of (1.3). In Section 5, examples about stability, instability, and asymptotic stability of the zero solution of (1.1) are given.
In Section 6, in deriving Theorem 6.1, two appropriate distinct real roots 4y and 4; of the characteristic equation (1.3)
are used. Lemma 6.3 is an auxiliary result about these two roots of the characteristic equation (1.3). Also, an example
was given about Theorem 6.1. In the last section, applications for the special cases of Equation 1.4 are also presented
and three different cases (stable, asymptotically stable and unstable) are given in one example.

Throughout this article, by V(v) we denote the total variation function of v, which is defined on the interval [—1,0].
Analogously, V() will stand for the total variation function of n defined on the interval [—1,0]. Note that the functions
V(v) and V() are not negative on the interval [—1,0]. Furthermore, it must be noted that V(v) and V() are not
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identically zero on the interval [—1,0]. In this article, we will estimate the Riemann-Stieltjes integral with the following
inequalities:

0 0

/ n(6)dg(6)| < / (0)dV(2) () < max k)] V(e)(~1,0),

-1<6<0
-1 -1

where h is continuous function on [—1,0], g is a function of bounded variation on [—1,0], and V(g)(—1,0) is the total
variation of g on the interval [—1,0]. If g is a monotone function, it becomes

0

/Ih(é’)IdV(g)(é’)S max [h(0)|-|g(~1) —g(0)|- (1.6)

-1<6<0
-1

It is assumed that the reader knows the theory of Riemann-Stieltjes integration and the theory of functions of
bounded variation (see previous studies®*>*"*%).

Before we finish this section, we will give three definitions of stability (see, e.g., Hale and Lune133). The zero solution
of 1.1 is said to be stable if for every £ > 0, there exists a number £ = ¢(¢) > 0 such that, for any initial function ¢ with
llp|l = | max |¢(t)| <7, the solution x of (1.1)-(1.2) satisfies

—[Irll<e<]r|
|x(t)|<e, forallt e [—|r],o0).
Otherwise, the zero solution of (1.1) is said to be unstable. Moreover, the zero solution of (1.1) is called asymptoti-
cally stable if it is stable in the above sense, and in addition, there exists a number #, > 0 such that, for any initial func-

tion ¢ with ||¢|| < ¢, the solution x of (1.1)—~(1.2) satisfies

limx(t) =0.

t—oo

2 | THE ASYMPTOTIC RESULT
The following theorem gives a fundamental asymptotic criterion for the solutions of (1.1).

Theorem 2.1. Let )\ be a real root of the characteristic equation 1.3 with the property

u(do) = / r1(0)e O dv (v)(6) + / r2(0)edv(n)(6) <1, (2.1)
and set
0 0
B(Ao) = / r1(0)e " O dy(g) — / r2(0)e°" O dn(0). (2.2)

Then, for every ¢C([—||r1||,]|72]|],R), the solution x of (1.1)—(1.2) satisfies

frfe 0] = 5

where
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0 0
Llaid) =9(0)+ [ @ | [ e pisias | avfo)
-1 —ri(0)
" (2.3)
/ elor2(0) / e Sp(s)ds | dn(6).
Note that property 2.1 guarantees that 1+ f(Ao) >0
Note that we clearly see that 4o =0 is a root of (1.3) with the property (2.1) if and only if
0 0
/ dv(0) + / dn(6) =0, (2.4)
-1 -1
and
0 0
[roavme+ [ roavae < (2:5)
-1 -1

Thus, an application of Theorem 2.1 with 1y =0 leads to the following corollary.

Corollary 2.2. Let conditions (2.4) and (2.5) be satisfied. Then, for every ¢cC([—||r1||,||r2|],R), the solution x

of (1.1)-(1.2) satisfies

0>+_71<f6)¢ ) J‘(M d5>df7)

Yimx(e) = 0 0
1+ [ ri(0)dv(0) — [ r2(0)dn(0)

Note that the assumption of (2.5) provides that

0

1+ / r1(0)dv(0) — / +(6)dn(6) > 0.

-1

Proof of Theorem 2.1. Property 2.1 guarantees that 1+ $(4y) > 0. Indeed, from (2.2), we have

0

0
/ r1(6)e O dy(g) — / r,(0)e" O dp(0)|,

-1

18(40)| =

0

< / ri(0)e O dv (v)(0) + / r2(0)e 0 dv (n)(6),

-1

and using property 2.1, we get |#(do)| < (o). So, it holds |f(4)| < 1. This implies that 1+ 3(49) > 0.
Consider any initial function ¢ in C([—||r1]|,||r2]|],R) and let x be the solution of (1.1)~(1.2). Define
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y(t) = e ™'x(t),for t € [—||r1]|,0).

Then, it is obtained for every ¢ >0

0 0

ﬂwuwm=/wwwﬂwn@wwm+/wwwﬂﬁwmwm. (2.6)

-1 -1

Moreover, the initial condition (1.2) can be equivalently written as
y(t) =e (1) for ¢ € [—||r1],]|r2]l]- (2.7)

Using the fact that 4, is a real root of (1.3) and that (2.7) is taken into account, from (2.6) we obtain

t

ﬂﬂ—ﬂ®+%/&®%

0

0
:/ (/ e nOy(s—r (6))dv(0 )+/e*°’2 'y(s+ra(0 ))dn<9>> ds,

y(t)=¢(0) */10/y(S)dSwL/e*A"“(g> (/y(srl(e))ds> dv(8)

0 -1 0
0 t
+ eﬂoi’z(@) < y(s-|_ ra (9))ds> dr](e),
Jed
0 0 t
ymﬂm( e“M@wHeM@MWQ e
Jaon et |
7 lr/l(é)) 7 t+r/z(6) (2.8)
+ [ ehon®) y(s)ds | dv(6) + [ @ y(s)ds | dn(6),
-1 —r1(6) -1 r2(0)
t 0 t
YO)=¢(0)— [ e “’“")( y(s)ds) dv(6) - ei"”“’)( ¥ )dS) di(6)
e frosfeo-] el
0 0 0 t=r1(6)
4 [ 2o e Sp(s)ds | dv(0) + [ e Pon @) y(s)ds | dv(0)
[, J
0 t t+r2(6)
+/e/10r2(9) /y(s)ds—i— / y(s)ds | dn(6),
-1 r2(0) t
0 t t+r,(0

y(t):L(/lo;qﬁ)—/e’l““(g) / s)ds | dv( /eﬂor2 / y(s)ds | dn(0),

-1 t—r1(0)

where L(Ao;¢) is defined as in Theorem 2.1. Next, we set for t > — ||ry]|
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(=50 -2t
Then Equation 2.8 is reduced to the following equation for ¢t >0
0 t 0 t+r2(6)
zZ(t)=— / e~%on () / z(s)ds | dv(0) + / elor(0) / z(s)ds | dn(6). (2.9)
-1 t—r1(0) -1 t
Moreover, (2.7) is written as for t € [—||r1]|, ||72]]]
2(t) =11 —m (2.10)
By the definition of y and z, what we have to prove is that
lligrgoz(t) =0. (2.11)
Put
M(Jo;p)= max |e gp(t) — L) . (2.12)
tel=lrl i) 1+ (o)
Then, in view of (2.10), we have
|z(t)| <M (Ao; ) for — |Ir|| <t <0. (2.13)
We will show that M (4o;¢) is a bound of z on the whole interval [—||r;]|,00), namely, that
|z(t)| <M (4p;¢) for all t> —||ry]|. (2.14)
To this end, let's consider an arbitrary number ¢ > 0. It is claimed that
|z(t)| < M(Ao;¢p) + eforevery t > — ||r1]]. (2.15)

Otherwise, because of (2.13), there exists a point t, > 0 such that
2(t)] <M(Ao;¢p) + ¢ fort € [—||r1[],t0) U (to,to + [r2]|] and |z(to)[ =M (d0;¢p) + &
Then, using (2.1), from (2.9) we obtain

to+r2(6)

0
M(ho;) +& = |z(to)| = —/ —hor1 (6 / z(s)ds | dv(@ +/e‘“’2(g) / z(s)ds | dn(@

1 “to

to+r2(0

/ e / (e(s)lds | v / o / [2(5)lds | av (@)

< [M(o: )+ ](fma) OV )0+ [ ra@)en <n><9>)

-1

= [M(0;) + €lu(do) < [M(2o; ) + ],

)
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which in view of (2.1) leads to a contradiction. Therefore, our claim is true; that is, (2.15) is provided. It has been
thus proved that (2.15) is satisfied for all numbers &> 0. Therefore, (2.14) is provided. By virtue of (2.14), from (2.9)
we derive for t >0,

12(0) < / g n(0) / 12(s)1ds | dv(v)(8)

-1 t—71(0)

0 t+r;
n / or2(0)
“1

Consequently, by the definition of u(4y), we have

(0) 0 0
[z(s)|ds [ dV () (0) <M (o; ) ( / ri(0)e 0 dv (v)(6) + / r2(6)¢ °’2w)dV('1)(9)>~

t

|2(t)| < u(Ao)M(Ao; ) for every t > 0. (2.16)

Using (2.9) and taking into consideration the definition of u(4o) as well as (2.14) and (2.16), it can be shown, by an
easy induction, that z satisfies

12(t)| < [1(20)])" M (o; @) for all t>nljr| —||r1] (n=0,1,2,...). (2.17)
Because of (2.1), we have nl% [4(40)]" =0. Thus, from (2.17), it follows that tlimz(t) =0, that is, (2.11) holds. The
proof of Theorem 2.1 is complete.

3 | ESTIMATION OF SOLUTIONS AND STABILITY CRITERIA

The following theorem establishes an estimate for the solutions of mixed type functional differential equations (1.1)
and also a stability criterion for the zero solution of (1.1).

Theorem 3.1. Let Ay be a real root of (1.3) with the property 2.1. Consider p(ho) and B(Xo) defined by (2.1)
and (2.2), respectively. Then, for every b€C([—||r1||,||r2]|],R), the solution x of (1.1)-(1.2) satisfies

2
Ix(t)| < %—&—y(ﬂo) N(dg;p)e  forall t>0, (3.1)
where
N(do;¢p) = e e (1) (3.2)

Moreover, the zero solution of (1.1) is stable if 1o = 0, asymptotically stable if 1y <0, and unstable if 1y > 0.

Proof. Consider any function ¢ in C([—||r1]|,]|72]|],R) and let x be the solution of (1.1)-(1.2). Let y and z be
defined as in the proof of Theorem 2.1, that is,

L(A0;9)

Y(£) = e~Mlx(t) and z(t):y(t)—1+ﬂ(/10)

for t> — |||,

where L(4o;¢) is defined by (2.3). Moreover, let M(1o;¢) be defined by (2.12). Then, as in the proof of Theorem 2.1, it
can be shown that z satisfies (2.16). By the definition of z, from inequality (2.16), it follows that for t >0
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IL(40; )| )
(0] Serﬂ(/lo)M(/lo,fﬁ)- (3.3)

By using (2.1) and (3.2), from (2.3) we obtain

0

0
Lol <ipo)+ [ r @ [ lempislds |avo)o)
-1 —r1(0)
r2(0)

+ / eorlf) / e p(s)|ds dv<n><e>s(1+ / ri(0)e " Odv (v)(6) + / Vz(9)e‘°’2<g)dV(n)(9))N(/lo;fﬁ)

0

-1

-
= (1+u(4))N(Lo; ¢)

On the other hand, from (2.12) we get

. —dot |L(40; )| _ . |L(403 )|
MUsig)< | max | e oW+ g0 =N WO+ 50
(4 G)NGed) [, 1+ alo)
e il G ) AL
So, (3.3) gives
(1+4(20))N (203 ) 14 (o) o | pA)) ,
o) < SR ) (1 1L N i) - quo)]wo,(p).

As a result, according to the definition of y, we obtain

(1+4())’

<O 155500

—|—,Ll(/10)‘| N(/io,(ﬁ)eﬂ“[ for all t>0.

So, we have completed the proof of the first part of this theorem. Now let's prove the second part (stability criterion)
of the theorem.

Let's assume that Ao <0. Let ¢€C([—||r1||,||r2|l]],R) be any initial function and let x be the solution of (1.1)-(1.2).
Then (3.1) holds and hence

1+p(do))?
Px(t)| < %4—”(%) N(Ap;¢) for all £>0.
0
Since (111’%)0);2 > 1, it follows that
1+ u(lo))?
|x(t)] < %—i—u(ﬂo) N(dp;¢) for all t> — ||rq]|

From the last inequality, we can verify that the zero solution of (1.1) is stable. Moreover, if 1y <0, then (3.1) guaran-
tees that
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limx(t) =0.

t—oo

Thus, for 49 <0, the zero solution of (1.1) is asymptotically stable.

As a result, we suppose that 1o > 0 and it will be proved that the zero solution of (1.1) is unstable. Otherwise, assume
that the zero solution of (1.1) is stable. Then it can be chosen a number &> 0 such that, for each ¢peC([—||r1||,||r2]|],R)
with ||¢]| < 8, the solution x of (1.1)-(1.2) satisfies

|x(6)| <1 for t> —||ry]|. (3.4)
Set
o(t) =" for t € [—||r], |72

We see that ¢, € C([—||r1]],]|72/|],R) and, from (2.3), we have

0 (0

Loidho) = 0(0) + / 0 / e gy(s)ds | dv(0 / gon® / gy (s)ds | dn(6)

0 0 r2(0)

0
= 1+/ 710”1 / 7105eﬂosds dv(e) - /elorZ(g) / eiiose&o‘gds drl(a) (35)

—r1(0) -1 0

1+ / r1(6)e " dv(9) — / r2(6)¢" O dn(6)

“1
= 1+ﬂ(/10) >0

Next, we consider a number §, with 0 < §y < § and we put

60

*=Toor e

Clearly, ¢ belongs to C([—||r1]], ||r2||],R) and ||¢|| = 5o < 5. Therefore, for this initial function, the solution x of (1.1)-
(1.2) satisfies (3.4). Moreover, by using Theorem 2.1 and taking into consideration (3.5) as well as the linearity of the
operator L(Ao;.), the following is obtained

lim [e”“"x(t)] — L(/I();qﬁ) _ (50/”450”)1‘(/10;4%) . o

= = 0.
lim 155 () 1+ 4000) lboll

But since Ay > 0, from (3.4) it follows that

lim [e %' ()] =0.

t—oo

We reached a contradiction here and the second part of the theorem was proved. Thus, the proof of Theorem 3.1 is
now completed.
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4 | ADDITIONAL LEMMAS

In this section, we give some conditions about the real roots of the characteristic equation (1.3). Here, we will give three

lemmas about the real roots of (1.3).

Lemma 4.1. Assume that

0

-1

and

/ r(0)edv(v)(0) + /

where

0

r(9) _n(
/ev-dv(9)+/e rd
-1

1
n(0) > P

r2(0)

ra(0)edV(n)(0) <1,

r=max{ |, [[r2] }.

(4.3)

(4.4)

Then, in the interval (—% %) the characteristic equation (1.3) has a unique root 1y, and this root satisfies the

property 2.1.
Proof. Define

F(2)

-1

We have

and so, by (4.1), we get F(—1) < 0. Moreover,

)

0
1 / _n®
= —— e r
r
1

=A— / e 10 gy() — / eOdp(@) for 1 €

11
rr|

@(0) - [ & anto)

and from (4.2), it follows that F(1) > 0. Furthermore, by taking into account (4.3), for A€ (—1, 1), we obtain

r’r
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0 0
F’()»):H—/rl(e)e’}‘rl /rz )e*2@dn(0)

-1
0

>1-| f 1@ Oav(@)| - | o) (o)
-1 -1
0 0

>1— [1;(6)e ™ d ff )e@dv(n)(6)
-1

>1— [1(0)e’dV(v) jrz ) dv(n)(0) >0
01

Therefore, F is strictly increasing on the interval (—1, 1). So, in the interval (-1, 1), the equation F(1) =0 (which

coincides with (1.3)) has a unique root A¢. This root satisfies (2.1). Indeed, by using again (4.3), we have

This completes the proof.
We can use Lemma 4.1 and the stability criterion contained in Theorem 3.1 to derive the following result.

Corollary 4.2. Assume that (4.1)-(4.3) are satisfied. Then the zero solution of (1.1) is asymptotically stable if
v(=1) +n(=1) >v(0) +7(0),
and it is unstable if

v(=1) +n(=1) <v(0) +7(0).

Proof. Lemma 4.1 guarantees that, in the interval (—% %) the characteristic equation (1.3) has a unique root
Ao; this root satisfies the property 2.1. Let F be defined as in the proof of Lemma 4.1. For this function, as in

the proof of Lemma 4.1, we have
1 1
F(—) <0 and F(—> >0.
r r

Clearly, 4 is negative if F(0) >0, and J is positive if F(0) <0. On the other hand,

FO) =~ [ av(6)~ [ dn(6) =~(0) ~v(~1) +4(0) ~n(-1)].

So, 49 <0 if v(—1)+#n(—1) >v(0) +7(0), and Ao > 0 if v(—1) +7n(—1) <v(0) +#(0). The proof of Corollary 4.2 is now
complete.
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Lemma 4.3. Suppose that v and n are decreasing on [—1,0], and r be defined by (4.4). Assume that state-
ment (4.1) is true. Then,

I. In the interval [0,0), the characteristic Equation 1.3 has no roots,
II. A= —% is not a root of the characteristic Equation 1.3,
III. (i) In the interval (—1,0), the characteristic equation 1.3 has a unique root and (ii) in the interval
(—c0, —1), the characteristic equation (1.3) has a unique root.

Proof. (I) We first observe that, if 4, is a real root of the characteristic equation (1.3), then

0

0
Ao = / e nOdy(0) + / e™dn(0) <0,
-1

-1

and so 4y < 0. This shows Part (I).
(IT) We introduce the function F defined by

0 0
F(3) =7~ / e dy(9) - / ¢"Ody(9)  for 2 €R. (4:5)

-1 -1
For this purpose, let us assume that (4.1) holds. Assumption 4.1 means that

0

0
P(2) =1 [ aior- [ <o w
1

This, in particular, implies that A = —% is not a root of the characteristic equation (1.3).
(IIT) From (4.5), we immediately obtain

0 0
F(A)=1+ / r1(0)e="10) dv() — / r2(0)edy(0) for A € R. (4.7)
-1 -1
Furthermore, we have
0 0
F'(A)=— / r2(9)e O dv(6) — / r2(0)e9dy(0) for 4 € R. (4.8)
—1 -1

So, using the hypothesis that v and # are decreasing, we conclude that
F'(2)>0 forall 1 € R, (4.9)

and consequently F is convex for A€R. Next, we observe that

F(0)=— / dv(6) — / dn(0)>0. (4.10)

Furthermore, it is not difficult to show that
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F(—o00)=00. (4.11)

Therefore, from (4.6), (4.9), and (4.10), it follows that in the interval (—%,0), 1.3 has a unique root. Moreover, from
(4.6), (4.9), and (4.11) guarantee that in the interval (—oo, —%) (1.3) has also a unique root and so Part (III) has been
proved.

The proof of the lemma is complete.

Lemma 4.4. Suppose that v and 1 are increasing on [—1,0], and r be defined by (4.4). Assume that state-
ment (4.2) is true. Then,

I. In the interval (—oo0,0], the characteristic equation (1.3) has no roots,
II. A :% is not a root of the characteristic equation (1.3),
III. (i) In the interval (0, %), the characteristic equation (1.3) has a unique root and (ii) in the interval (%,oo),

the characteristic equation (1.3) has a unique root.

Proof. Consider the real-valued function defined by (4.5). As in the proof of Lemma 4.3, we see that
1
F(;) >0, F(0)<0, F(c0)=-0c0 and F"’(1)<0 forall A €R.

Thus, the proof will be omitted since it is similar to that of Lemma 4.3.

5 | EXAMPLES

In the following examples, we will apply the stability criteria of the Theorem 3.1. For this, in each example, first an
appropriate root of the characteristic equation (1.3) is found. Later the condition (2.1) (i.e., |#(40)| <u(do) <1) for the
appropriate root Ay is applied and finally, the stability of the zero solution of (1.1) is determined. Note that we are using

the property 1.6 to show that the condition (2.1) is satisfied.

Example 5.1. Consider Equation 1.1 for r1(6) = —6, r,(6) =60+1, v(6) = —2 and () =%+ 1. In this exam-
ple, we apply the characteristic equation (1.3). That is,

0 0
0 0
—A(—0) v (6+1) v
l—/e d< 4)—#/61 d<4+1>

-1 -1
. . (5.1)
:—1/eﬂ"d9+1/eﬂ("“)de:i(eue*—z)
4 4 4 '
-1 -1

The characteristic function of (5.1) is
Fi(A ——l——l e’l—l— 42
1) 42 ( ¢ )

and its graph is given in Figure 1.
The graph of the function F; shows that three roots of (5.1) are passed. We see that A =0 and A =2 F4.36 are roots of
(5.1). Let 49 =0. Since v is decreasing on [—1,0] and # is increasing on [—1,0], from (2.1) we get
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FIGURE 1 Locations of the roots of 5.1

w(0) =4(0) = [(—8)av (Z) }9+1dv(9 )

-1

(o C)om
1
Z

Therefore, for 4o =0, the condition of Theorem 3.1 is provided. So, the zero solution of (1.1) is stable.
Note that the condition (2.1) of Theorem 3.1 will not be satisfied for the roots 4y = F4.36. Using (2.2), we obtain

0 0
1B(F4.36)| = ‘/(g)eﬂséed(z) 7/(94» 1)e¥4.36(9+1)d(§+ 1)
-1 1

0 0
:l /984:4.369619_ /(0+ 1)eq:436 (9+1)d9
4

-1 -1

1
=4 |-13.934| =348 <u(¥4.36),

and thus u(F4.36) > 1 is obtained.

Example 5.2. Consider Equation 1.1 for ri(6) =%5, ry(0) =% v(0) :(9+41)2, and (@)=

characteristic equation (1.3) is

x:]ﬂ(%)d(g“ ) /e’l_' <——9)

- (5.2)

:%/[ —h(%)(e+1) 3eﬂdez%[;ﬁ—e%)—e%—6(e%—1)]~

-1

—26. Then, the

The characteristic function of (5.2) is
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and its graph is given in Figure 2.

In the graph of the function F,, it shows that (5.2) has only one root and we see that 4= —0.98 is the unique root of
(5.2). Then, for 4o = —0.98, the condition of Theorem 3.1 is satisfied. That is, since v is increasing on [—1,0] and 7 is
decreasing on [—1,0],

#(20) = u(—0.98) = 7 e098(5) (anr 1) dv ((021)2> + 7 098(%) (7‘21) dv (f§9>

<L (e () (5o Lo (0 () ()

So, the zero solution of (1.1) is asymptotically stable.
In this example, stability analysis can be performed using Corollary 4.2 without using the characteristic equa-
tion (1.3). Indeed, if the conditions of (4.1), (4.2), and (4.3) are calculated, respectively, since :%, we get

PRCUNRE

-1 -1

~1
‘ 0+1)* ) 3 1
/e—<9+1>d<g> +/e—§d<__9> :_/ {(9+1)e‘(9+1)—Se_g]d0§—1.68<2,
4 2°) "2
1 -1 -1

0
1
5/[(¢9+ 1)e9+1—3e‘4]deg—0.68> —2,

and

7 (%) e gy (ﬁ) + 7 (—2) e‘ng(—ge) < [1@%@0«9—?) e(‘9+1)>} V<(9t11)2> (~1,0)

i [ﬁ%&((g) eg)] V(§61)(1,o)
e
2

20

FIGURE 2 Location of the root of (5.2)
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Thus, according to Lemma 4.1, it states that a real root must pass in the interval (—2,2). Finally, from Corollary 4.2,
we obtain

W=D +1(=1) =043 >0(0) +1(0) = ;+0,

and thus the zero solution is asymptotically stable.

Example 5.3. Consider Equation 1.5 for a =b=1and u(0) = —g, namely, that

1

X(t) = / z_lx(t—&—@)d(—g).

2

Then, the above equation becomes

, 0 0 3 0 0 0 0 0
X(t)= x(t+0)d| —= )+ | x(t+0)d|—=)=[ x(t—(=0)d|—-=)— [ x(t+(-0))d|=
_1 2 0 2 -1 2 -1 2

0 0 0 0 0 0

= [ (5))a(5) + [x (e (55))a(-5)
The last equation here is a special case of Equation 1.1 for r,(68) =r,(0) = —% and v(0) =#(0) = —%. In this case, the
conditions of Lemma 4.3 is provided; that is, v and # are decreasing on [—1,0], r = % and from (4.1), we have
0 0 0

/e‘”d(—%) +/e9d<—§> :—%/(e‘9+e")d0%—0.59> -2

-1 -1 -1

Therefore, one of the roots of the characteristic equation (1.3) is located in the interval (—o0,—2) and the other in
the interval (—2,0). Indeed, the characteristic equation (1.3) is

(5.3)

The characteristic function of (5.3) is
1/,
F3(ﬂ)—ﬂ+2—/1(€ —e ),

and its graph is given in Figure 3.
In the graph of the F5 function, it is seen that (5.3) has two roots. We see that A=2—0.5 and 4= —11 are roots of
(5.3). Let 4o = —11. From (2.2), we have
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FIGURE 3 Locations of the roots of (5.3)

So Theorem 3.1 for o = —11 cannot be applied. But, for 4o = —0.5, from (2.1) we get

e [ <—3;>+Z<—z>ezdv<—z>
()

e+ 1
2 4

IA
|/\§

S

+ =~0.26<1.

1
4

Then, for 4o = —0.5, the condition (2.1) of Theorem 3.1 is satisfied. So, the zero solution of (1.1) is asymptotically
stable.

Example 5.4. Consider Equation 1.1 for r(0) =r,(0) =22

1 v(0) =32, and 5(0) = —3%2. In this case, the con-
ditions of Lemma 4.4 are satisfied, that is, v and # are increasing on [—1,0], r = %, and from (4.2), we have

0 0 0
2
/e—<9+1>d 39 +/e(6+1)d ¥ :§/<e_(6+1)—296(9+1)>d9% 1.55<2.
4 4) 4
1 1 1

Therefore, one of the roots of the characteristic equation (1.3) is located in the interval (0,2) and the other in the
interval (2,00). Indeed, the characteristic equation (1.3) is

17(; o= (39) /em (39> i](ez@)zggw))dg3<4e;419%>_

2.\1 2

(5.4)

The characteristic function of (5.4) is
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and its graph is given in Figure 4.
The graph of the function F, shows that two roots of (5.4) are passed and we see that 1221.51 and 122 10.64 are roots

of (5.4). Let's just take Ao =1.51 from these two roots. We obtain

(o) = u(L.51)

(e () ] (e ()

L () () o
0.

2
:2(7151 151) 97<1.

(=}

(3 ) () o

Then, for Ao =1.51, the condition (2.1) of Theorem 3.1 is satisfied. So, the zero solution of (1.1) is unstable.

6 | ARESULT ON THE BEHAVIOR OF THE SOLUTIONS

Now, we will establish the following theorem.

Theorem 6.1. Suppose that v is decreasing and 1 is increasing on [—1,0]. Let Ao be a real root of the character-
istic equation (1.3) with the property 2.1 and let p(Ay) and L(dy;¢) be defined by (2.2) and (2.3), respectively.
Let also A, be a real root of the characteristic equation (1.3) with A; <. Then, for any ¢peC([—||r1||,||72/|].R),

the solution x of (1.1)-(1.2) satisfies

. — it (’10’45) ot .
Ml(ﬂo,/ll,qs)se 4 (x(t) 1+ﬁ(/10)ei ) SMz(/l(),/ll,¢) fOV VIZO, (61)
where
CaY . It _ L(4o;¢) 0:)}
Ml(ﬂo’ﬁl’@nngfirz{e <¢(t) 1+ﬁ(ﬂo)ei ’ (62)

FIGURE 4 Locations of the roots of 5.4
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and

N — it L(Ao;¢) ot
wtiori = {o (4050 | o

Proof. Let x be the solution of the initial problem (1.1)-(1.2) and consider the functions y and z defined as
in the proof of Theorem 2.1, that is,

L(Ao;¢)

_1+/)'(io) for t € [—||r1]],).

y(t) =e™'x(t) and z(t) =y(t)

Note that because of the fact that v is decreasing and 7 is increasing on [—1,0], the property 2.1 can be written as
—1< (%) <0, ie. 0<1+p(d)<1. As it has been shown in the Theorem 2.1, the fact that x satisfies (1.1) for >0 is
equivalent to the fact that z satisfies (2.9) for all £ > 0.

Now we define

w(t) =elo~M)iz(t) for t> —||r]|.

Because of the definitions of y and z, we have the following expression for the function w:

w(t):ehf{x(z)—%w} for t2 — |r|. (6.4)

Furthermore, by the use of the function w, (2.9) can equivalently be written as

t

0
w(t)=— / e1on(0) / e=2)s~ Uy ()ds | dv(6)

-1 t—r1(0)
. ) (6.5)
+/e7\0r2(9) / e(M*}\o)(S*t)W(S)dS dﬂ(e),
—1 t
for t > 0 and (2.10) becomes
N L(4o;¢) }
t)=e M () — 2T ght te [—||rl, . 6.6
w(t)=e {¢() 1+ o) Jor t € [—|r, ||r2]] (6.6)

As solution x satisfies the initial condition (1.2), we can use (6.4) as well as the definition of M;(4,41;¢) and
M, (49,41;¢) by (6.2) and (6.3), respectively, to see that

Mi(Ao,A13¢)= min  w(t) and My(do,A41;¢0)=  max  w(t). (6.7)

=lInll<t<]r|l —lnli<e<]r

In view of (6.4) and (6.7), the double inequality (6.1) can equivalently be written as follows:
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w(t)< max w(s) forall t>0. (6.8)

min w(s) =< >
—lnli<s<|irl —lnli<s<|ir|

We have to prove that (6.8) holds. We will use the fact that w satisfies (6.5) for all ¢ >0 in order to show that (6.8) is
valid. We restrict ourselves to proving that

w(t)< max w(s) forevery t>0. (6.9)

—lnli=s<|ir|

The proof of the inequality

min  w(s) <w(t) forevery t>0

—lrll <s<|ir2|l

can be obtained in a similar way, and so it is omitted. In the rest of the proof, we will establish (6.9). In order to so, we
consider an arbitrary real number A with w(t) <  max  w(s) <A, that is, with

[l < s <]rall
w(t)<A for —|r| <t<o0. (6.10)
We will show that
w(t) <A for t>0. (6.11)

To this end, let us assume that (6.11) fails to hold. Then, because of (6.10), there exists a point ¢y, > 0 so that
w(t) <Aforte[—||r||,to) U (to,to + ||72]|],and w(ty) = A.
Thus, by using the assumption that v is decreasing and # is increasing on [—1,0], from (6.5) we obtain

to

0
A:w(to):—/e‘ﬂ°’1(9> / ei=h)s=)y(s)ds | dv(6)

-1 to—r1(0)

o to+r2(0)
+ [ e’lorz(a)< | e“l*‘”(“")w(s)dS) dn(9)
21

to

0 to to+r2(0)
A — [eon@| [ elh—h)ls—o)dg | dv(h) + f o) [ [ elhi—)s~t)ds | di(6)
-1

to—r1 (0) to

0
A y |
s
0 0 0
h"‘ %{ i 0du(o) - / 2 Ody(9) + / HnOdy(6) + / o0 0)
( Jo+4) =
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We have thus arrived at a contradiction and so (6.11) is true. Since (6.11) is satisfied for all real numbers A with
w(s) <A, it follows that (6.9) is always fulfilled. The proof of the Theorem 6.1 is complete. O

max
=nl<s<|ra|

Corollary 6.2. Assume that the conditions of Theorem 6.1 are satisfied. Then, for any $C([—||r1], ||r2l[],R),
the solution x of (1.1)-(1.2) satisfies

i -5

where (4y) and L(Ao;¢) are defined by (2.2) and (2.3), respectively.

Proof. We see that the double inequality in the conclusion of the Theorem 6.1 can equivalently be written
in the following form:

- - L(4o;¢) -
My (Ao, Ar;p)eth =)t < e tolx(p) — 220 PL < M (29, A p)e M) >0,
1(4o,A1;9)e <e™'x(t) 14 (k) 2(do,15¢)e 2
and hence, as }; < 4y, we get
_ L(%o;9)

Jim [ 0] = g0

which establishes Corollary 6.2.
Moreover, this double inequality is also equivalent to the following one:

. it L(/lo;d)) of . it L(/10§¢) of
M (Ao, 2v; ) +W(/10)e’1 <x(t) <M(do, A1;)e" +71+ﬁ(/10)e” ,
for all t > 0 and we see
fim () =0,

provided if 1; < 4o <O0.
Below we will give a lemma about two different real roots of the characteristic equation (1.3).

Lemma 6.3. Let 4, be a real root of the characteristic equation (1.3) and let §(4o) be defined by (2.2). Let
also 4, be a real root of the characteristic equation (1.3) with 1; <y. Assume that

0 0
/ 2(0)e O dv(6) + / r2(0)e9dn(0) <0 for A € (h,h). (6.12)

“1 “1
Then 1+ (o) > 0.

Proof. Consider the real-valued function F defined by (4.5). The derivatives F’ and F" of F are given by (4.7)
and (4.8), respectively. So, taking into account (6.12), we conclude that for A€(4;,4)

F"(2)>0, (6.13)

and consequently F is convex on (41,4o).
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On the other hand, since F(1y) =F(4;) =0, from Rolle's theorem it follows that F'(c) = 0 for some point ¢ such that
A1 <c<Jg. But (6.13) implies that F’ is positive on (c,Ay]. Thus, we must have F'(1y) > 0, that is,

0

0
F'(l) =1+ / F1(0)e~ O dy(9) — / 12 (6)¢" O dn(0)
“1 “1

= 1+/}(ﬂo) >0,

and so the proof of the lemma is complete.

Example 6.4. Let's consider Example 5.1. In this example, the roots of the characteristic equation (5.1) are
found as A =0 and A2 F4.36 and it is seen that condition (2.1) is fulfilled for A= 0. Also, v is decreasing and
n is increasing on [—1,0]. Let's choose 1o =0 and 4; =—4.36. In this case, by applying Theorem 6.1, we
obtain the following result:

For any continuous real-valued function ¢ on [—1,1], the solution x of (1.1)~(1.2) satisfies

M (0,—4.36;¢) < 3% (x(t) _L©:4) > <M,(0,—4.36;¢) forall ¢>0.

1+p(0)
Since
M;(0,—4.36;¢) = 71121% 1{624'36[ <¢(t) - fj‘o,[}((p()))) }’
M0 -436:0) = ax Lot (001500 ) |
and

o= o) forna(ien) -}

from the last double inequality, we have

1 o052 o - 202) s o o0-222))

forall ¢t >0, where

L(0:4) = $(0) [/ (/ ¢<s>ds) (o) +7 (71¢<s>ds) d<e>] .

Also, by applying Corollary 6.2, we get
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7 | THE SPECIAL CASE OF LINEAR AUTONOMOUS MIXED TYPE
DIFFERENTIAL EQUATIONS

Our goal in this section is to give new results on asymptotic behavior and stability for a class of (1.4). Our results will be
obtained via an appropriate solution of the corresponding characteristic equation.

Throughout this section, r and z represent positive integers determined by

r=max{r;: i=1,..,p} and r=max{7;: j=1,...q }.

Along with the mixed type differential equation (1.4), we specify an initial condition of the form
x(t)=0(t), —2<t<r, (7.1)

where the initial function 6 is given a continuous real-valued function on the interval [—e,7] satisfying the consistency
condition

As is known, by a solution of (1.4), we mean a continuous function x: [—e,+00) — R, which is differentiable on
[0,400) and satisfies (1.4) for every ¢ > 0.
If a solution of (1.4) is searched in the form x(t) = e* for t€R, the characteristic equation of (1.4) will be

/1 = zp: aie*’”" —+ zq: bj@hj. (72)
i=1 Jj=1

The first result is the following theorem, which creates a basic asymptotic property for solutions of the mixed-type
differential equation (1.4).

Theorem 7.1. Let g be a real root of the characteristic Equation 7.2 with the property

p q
fildo)=>lai|rie +Y " |bj| e <1, (7.3)
i=1 =1
and set
_ p q
ﬂ(ﬂo) = Z air,-e’ﬁ"r" — Z bjrje’l“’f. (7.4)
i=1 j=1

Then, for every #C([—r,7],R), the solution x of (1.4) and (7.1) satisfies

im0 =7fffiif)>’

where
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L(20;0) = +Za e / e "%9(s)ds — Zb et / e 7%0(s)ds.
—Fi 0
Note that property 7.3 guarantees that 1+ (1) > 0.
Note that we clearly see that 4o =0 is a root of the (7.2) with the property 7.3 if and only if
P q P q
dTai+> b=0and Y |air+> |blg<l. (7.5)
=1 Jj=1 i=1 j=1
Thus, an application of Theorem 2.1 with 4o =0 leads to the following corollary.
Corollary 7.2. Let the conditions in (7.5) be satisfied. Then, for every 0€C([—e,7],R), the solution x of (1.4)
and (7.1) satisfies

0 7j
0(0)+ >0 ai [ O(s)ds— Y"1 b; [0(s)ds
limx(t) = n 0
) 1+ airi— >k b

Note that because of (7.5), the second condition ensures that 1+ Y7 a;r;

_'EZﬁzlbﬂ7>>0'
The second main result in this section

is Theorem 7.3. This theorem makes an estimate for the

solutions of the mixed-type differential equation (1.4), which leads in a stability result for the zero solution of
Equation 1.4.

Theorem 7.3. Let 4y be a real root of (7.2) with the property 7.3. Consider ji(1o) and B(A) be defined by (7.3)
and (7.4), respectively. Then, for every 0€C([—r,t],R), the solution x of (1.4) and (7.1) satisfies

(1+4(4))*

x(6)] < 5 50)

+#(4o)

N(lg;p)e®  forall t >0,

where

N(Jo;0) = max |e~"'0(t)|.

—2<t<7

Moreover, the zero solution of (1.4) is stable if 1y =0, asymptotically stable if 1o <0, and unstable if 1o > 0.
In the following lemma, we give an important condition about the real roots of the characteristic equation (7.2)

Lemma 7.4. Assume that

-
P

M@
mh

and
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P T q i
Z |ai|rie?+z | bj | 7jes <1,
i=1 j=1

where § =max{r, 7 }. Then, in the interval (—%, %) the characteristic equation (7.2) has a unique root 4y, and this root
satisfies the property 7.3.

In the following example, we will apply the stability criteria of Theorem 7.3. For simplicity of example, we consider
the problem as follows:

Example 7.5. Consider

(7.6)
x(H)=6(t), —1<t<1,
where a and b are nonzero real numbers and 0 € C([—1,1],R).
The characteristic equation of (7.6) is
A=ae " +be. (7.7)

We will find the real roots of the characteristic equation (7.7) in all three cases below. Note that for each real root 4o
of the characteristic equation (7.7), from (7.3), it becomes

fi(do)=|ale?+|ble <1. (7.8)

Case 1. Choose a= —l and b= 1 . Then, we have 4, =0 and 1, — 1 62, which are real roots of (7.7). Let's
just take A9 =0 from these two roots From (7.8), we obtained 2(0) = |—1| + |}| =2 < 1. Thus, the condition
of Theorem 7.3 is satisfied and the zero solution of (7.6) is stable.

Case 2. Choose a :ﬁ and b= —(2\/5“ We see that A= —2 1s unique real root of (7.7). Then for 4g=—1
we get
(1 1 zf e+1) ++/e
— ) =|— ~(0.803< 1.
1(-3) =l e

Thus, the condition of Theorem 7.3 is satisfied and the zero solution of (7.6) is asymptotically stable.

Case 3. Choose a = \/5271 = zie We see that 4; :% and 1,222.67 are real roots of (7.7). Let's just take 1y =
% from these two roots. Then we have

(1 ve—11 |1
5 )= —=Tt5;
2 2 |ye |2

1

Thus, the condition of Theorem 7.3 is satisfied and the zero solution of (7.6) is unstable.

8 | CONCLUSIONS

In this paper, first, we prove a basic asymptotic criterion for the solutions of the mixed type differential equation 1.1.
Second, a useful exponential estimate for the solutions is established and a stability criterion is given. These results are
obtained by the use of a real root (with an appropriate property) of the corresponding characteristic equation 1.3. Third,
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an important result is obtained for the behavior of the solutions by making use of two appropriate real roots of the char-
acteristic equation. Five examples of these results are given. Also useful lemmas about the roots of 1.3 are obtained.
Finally, we also presented the application of the obtained results in the special case of constant coefficients and gave
three different cases in one example. The real roots used in this paper play an important role in determining the results.

We will be particularly concerned with the possibility of generalizing our results in the case of first-order linear
mixed (advanced - delay) differential equations with variable delays and coefficients. This seems easy to achieve if the
delays are variable and bounded. However, the general situation with variable delays seems somewhat more difficult. It
will also be interesting to generalize our results for first-order linear inhomogeneous mixed (advanced - delay) differen-
tial equations with periodic coefficients.
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