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Abstract

In this study, by using Lucas polynomials, subordination and g-analogue of Noor integral
operator, we will introduce an interesting new class Q9'*(z, «; x) of bi-univalent func-
tions. Also we will obtain (P, Q)-Lucas polynomial coefficient estimates and Fekete—Szego
inequalities for this new class.
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1 Introduction

Some special polynomials, (such as Chebyshev polynomials, Fibonacci polynomials, Lucas
polynomials, Jacobsthal-Lucas polynomials, Lucas—Lehmer polynomials, Pell polynomials,
Fermat—Lucas polynomials, orthogonal polynomials) and their generalizations are gained
importance in very different branches such as physics, engineering, architecture, nature, art,
number theory, combinatorics and numerical analysis. In very recent years, these polynomials
have been studied from a theoretical point (see [19, 20, 22, 25, 26, 28, 30, 34, 41, 42])

Definition 1 [26] Let P(x) and Q(x) are polynomials with real coefficients. The (P, Q)
Lucas polynomials Lp ¢ ,(x) are defined by recurrence relation

Lpon(x) = P(xX)Lp gn-1X) + Q)Lp g n-2(x) (n=2), ey
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from which the first few Lucas polynomials can be found as

£p,0,0(x) =2,
£p.0,1(x) = P(x),
£p,02(0) = P*(x) +20(),
£p,03(0) = P*(¥) +3P(x) Q(x). 2
Some Special cases of the £p ¢ ,(x) with the given initial conditions are given by fol-
lowing:

1 For P(x) =x and Q(x) = 1, £p ¢ ,(x) are the Lucas polynomials £, (x);

2 For P(x) =2x and Q(x) = 1, £p ¢ ,(x) are the Pell-Lucas polynomials D, (x);

3 For P(x) =1 and Q(x) = 2x, £p ¢.,(x) are the Jacobsthal-Lucas polynomials j, (x);

4 For P(x) =3x and Q(x) = =2, £p ¢, (x) are the Fermat-Lucas polynomials f, (x);

5 For P(x) = 2x and Q(x) = —1, £p ¢ »(x) are the Chebyshev polynomials first kind
Ty (x).

Definition 2 [26] Let G ¢, (x))(2) be the generating function of the (P, Q) Lucas polynomial
sequence £p ¢ n(x). Then

2— Px)z

Gig, (@) = ngP,Qﬁn(x)Zn =

: 3
_ _ 2
par 1= P()z - Q(x)z
We know that the generating function Gy ¢, (x)}(z) is a convergence formal series.
Let A be the family of functions f of the form:
o0
f@=z+ Zakzk, “4)

k=2
which are analytic in the open unitdisc 4l = {z : |z| < 1} and normalized under the conditions
givenby f(0) =0= f/(0) —1.Let S = {f € A : f is univalent in }.
According to the Koebe One-Quarter Theorem [17] every function f € S has an inverse
f~! which satisfies the following conditions:

@)=z ew

and )
Ut w)=w (lwl <ro(f) . ro(f) = Z)’ (w € £h)
where
g(w) = f_1 w)y=w — ang + (Za% —ag) w? — (Sa% — Sapas +a4) wh 5)

A function f € A is said to be bi-univalent in ${ if both f and f~! are univalent in .
Let ¥ denote the class of bi-univalent functions in { given by (4). For several interesting
examples in the class, see [38]. See also [2-13, 21, 23, 24, 27, 35-37].

For analytic functions f and g in 4, f is said to be subordinate to g if there exists an
analytic function w such that

w(0) =0, [w(z)| <Tand f(z) =g w(z)).
This subordination is denoted by

f(z) < g(). 6)
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In particular, when g is univalent in 4,

f(@) <g@) & f(0)=g0) and f) C gWh) (zeil).

After Srivastava used the basic (or g-)hypergeometric functions in a book [39], the theory
of univalent functions was characterized by the concept of g-calculus. For simplicity, we
provide some essential definitions of g-calculus that are used in this paper. Next, we recall
some identities of fractional ¢g-calculus operators of complex valued function f:

Definition 3 [39] For ¢ € (0, 1), the g-derivative of function f € A is defined by

_ f@a) - f@
8qf(z)—7(q_l)Z ,2#0 (7
and

3, f(0) = f(0).

Thus we have

o
9 f(2) =1+ [k qlaz ®)
k=2
where [k, ¢g] is given by
k
—4q
[k, q] = 1 , [0,41=0 9
—q
and the g-fractional is defined by
k
,ql, keN
kg ={ Il 1nq] . (10)
1, k=0
Also, the g-generalized Pochhammer symbol for p > 0 is given by
k
+n—1,q9],keN
gl = o 7l . (an

1, k=0

As g — 17, then we get [k, g] — k. Thus, if we choose the function g(z) = ZF, while
g — 17, then we have

9,8(2) = 3,25 = [k, q12" = ¢'(2),

where g’ is the ordinary derivative.
Newly, Arif et al. [14] defined the function F K; }L 11(2) given by the following relation

Fopit @ % Fp () =20, f @, (1> —1) (12)
where
[+ 1 gl1
Fq,u+1(Z)ZZ+§mZ s z e M. (13)

Since the series defined in (13) is convergent absolutely in z € 4, by using the definition
of g-derivative through convolution, we now define the integral operator ;‘# 4 — Uby

Q@ =F @ f@ =2+ hram, el (14)

k=2
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where k. g
,ql!
= 15
Pt [+ 1, gli—1 (15)
‘We note that
00 f(2) =20, f(2), ¢y f(2) = [f(2) (16)
also
k!
hm C,;f(z) =z+ Zm ka- (17)

This shows that, by taking ¢ — 17, the operator defined in (14) reduces to the well known
Noor integral operator studied in [31, 32] . Also for more details on the g-analogue of
differential and integral operators, see for example, [1, 7, 24].

In 1933, Fekete and Szeg6 [18] obtained a sharp bound of the functional ‘a3
with real §(0 < § < 1) for a univalent function f. Since then, the problem of finding the
sharp bounds for this functional of any compact family of functions or f € .4 with any
complex § is known as the classical Fekete-Szegd problem or inequality. The equality is
valid for the Koebe function. The sharp upper bound for Fekete—Szeg6 functional was found
by Keogh and Merkes [23] for some subclasses of univalent function classes. Recently,
coefficient estimates and famous celebrated Fekete—Szeg6 inequality were studied for the
class of univalent functional defined by some special functions [15, 16, 29, 33].

The main goal of this study is to define a new class Q9°*(z, «; x) including g-analogue
of Noor integral operator. Then we derived |ay| and |a3| coefficients by using (P, Q) Lucas
polynomials for this class. Furthermore, we also solved Fekete—Szegt problem for the class
Q1 (T, a5 x).

For these purpose, we initially presented some general explanations about bi-univalent
functions, g-analogue of Noor integral operator and (P, Q) Lucas polynomials.

Finally for some different values of parameters, we obtain remarks for different classes
and corollaries for initial coefficients and Fekete—Szeg ¢ inequality.

2 The class Q7°# (1, a; x) and the Fekete-Szegd inequality

In this part, we will introduce the bi-univalent function class Q%*(t, «; x) involving g-
analogue of Noor integral operator. Then, we will obtain the (P, Q) Lucas polynomial
coefficients for |a>| and |az| . We also determine Fekete—Szego problem for this new class.

Definition 4 The function f is said to be in the class Q7'*(z, «; x) if the following conditions
are satisfied:

1 M
f[a—a);" 9 4wty ey f(z))—l] < Glep ) @) - (8)

and

1 ¢q g(w)
+ z [(1 —a) 9 " +a8q(§(;‘g(w)) —1] =< g{EP_Q,n(x)}(w) -1 (19)
where (z, w e u>—-1,0<g<1,7> 0,0 >0)and g = f_1 is given by (5) .
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Remark 1 By taking u = 1 in Definition 4, one can easily see that a function f € ¥ be in
0% (r, a; x) if the following conditions hold true:

1 f(z)
+ z |:(1 )7 +ad, f(z) — i| < Q{QP‘Q_,?(X)}(Z) -1

and

|:(1 - )& +O{3qg(W) - 1:| = g{SP Qn(x)}(w) -1

where g = f~! is given by (5).

Remark 2 By taking ;o = 0 in Definition 4 one can easily see that a function f € X be in
Qq’o(r, o; x) if the following conditions hold true:

1
L+ [(1 =@ ) + @202 F ) = 1] < Gpep 0@ — 1

and
1
+- [(1 — @)y g(w) + azdlg(w) — 1] < Gep guin) @) — 1

where g = f~! is given by (5)
Also choosing different values for g, ¢, T and « in Definition 4, we have following new
classes:

Remark 3 By taking ¢ — 17, one can easily see that a function f € X be in Q* (7, «; x) if
the following conditions hold true:

1 C"f( )
1+ - [(1 - +aGhf2) - ] <92 gnm} (@ —1

o 1 ¢tg(w) /
+ - |:(1 _d)T +attg(w)) — 1] <G(ep pum)w) =1
where g = f~!is given by (5) .
Remark 4 Upon setting g — 1~ and for = 1, one can easily see that a function f € ¥ isin
(1, a; x) = Q"(e; x)
if the following conditions hold true:

n
(1— )g f(z)+a(§’ﬂf(z)) <g{£PQ”(x)}(Z)

and

¢rg(w) /
1- a)T +atg(w)) < g{SP,Q,n(X)}(w) -1

where g = f~!is given by (5) .
Remark 5 Upon setting ¢ — 17, forr = 1 and o = 1, one can easily see that a function f

€ Y isin

0" (1, 1;x) = Q' (x)
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if the following conditions hold true:

@' f@) < g{QP’Q’n(X)}(Z) -1

and
(Fgw)) < g{,gP.Q,n(x)}(w) -1

where g = f~!is given by (5) .

Remark 6 Upon setting g — 17, forz = 1, « = 1 and = 1, one can easily see that a
function f € X isin

0, 1;x) = 0'(x)
if the following conditions hold true:
f,(z) =< g{SPQ,n(x)}(Z) —1

and

g'(w) < g{Sp,Q,,,(x)}(w) -1
where ¢ = f~! is given by (5) . The class ¥'(x) was investigated and studied by Alam-
oush [6].

Remark 7 Upon setting ¢ — 17, fort = 1, « = 1 and = 0, one can easily see that a
function f € ¥ isin

0°(1, 1;x) = Q(x)
if the following conditions hold true:
(' @) < G(ep o) @ — 1

and )
(wg/(w)) =< g{sP,Q.n(X)}(w) - 1’

where g = f~! is given by (2) .
Theorem 1 Let f given by (4) be in the class Q1" (t, a; x). Then,
T |P(x)|VIP(x)]

laz| < (20)
e +aq +aghes — (1 +0)? 97} P2x) =21 +aq)? 67 0()|

and .
2P%(x) [T] | P(x)]
. 21
5l = a2 T U+ aq + agden @b

Proof Let f € Q7"(t,a; x). Then from Definition 4, for some analytic functions €2, A
such that 2(0) = A(0) =0and |2(z)] < 1, |A(w)| < 1 forall z, w € f, we can write

1 "
1+ - |:(1 —a) b /@) —l—otaq(;“(;‘f(z)) — 1j| = g{g,, Qn(x)}(fl(z)) —1 (22)
T z 0
and u
1 $q 8(w)
I+ [(1 — )T iy (g (w) — 1} = Gep g} AW) =1 (23)
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or equivalently

w
1+ % [(1 LY f(Z) +ad, () f (D) — 1]
=14 £p.00X) +Lpo1()RQ@) + Lp 022 @) +---  (24)
and
I
1+ % [(1 _yla ) if“’) + ady (5) g(w)) — 1]

=—14£p.0.0(x) + £p.0 1 (DAW) + Lp.o2()AZ(w) +--- .  (25)

From the equalities (24)and (25), we obtain that

t % [(1 —) gqﬂﬁ(@ +ady () F(2) = 1}
=1+Lpo1(0)siz+ [EP,Q.I(X)SZ + quQyz(x)s%] 24 (26)
and
1+ % [(1 — a)@ +ozaq(§(fg(w)) — 1] =1+ Lp o1 (@X)rw
+[Lr.01(0)r + SP,Q,Z(x)rlz] w24 27

It is known before that if for z, w € f,

n
Q) =) sid| <1
i=1
and
n .
A(w) = riw'| <1
i=1
than
lsi] <1 (28)
and
Iril <1 (29)

where i € N. So, comparing the corresponding coefficients in (26) and eqrefeq27, we get

1
z I+ ag)dprar = £p,g.1(x)s1, (30)
1
- [(1 +ag +ag)ras] = Lp.p.1(x)s2 + £p,02(x)s1, 31
1
= (I +aq) prar = Lp p,1(x)r1, (32)
1
—[A+aq+ agHr (2a3 — a3)] = £p,0,1 ()2 + £p,02 (017 (33)
From (30) and (32)
S = —rl, (34)
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1 2
2[;(1 +aq>¢>1] a3 =8} o () (sT+r7). (35)
Adding (31) and (33) we get

2 2 2 2, .2
;(1 +ag +ag)ppa; = Lp 01(x) (s2+712) + £p.0.2(x) (s7 +77) (36)
By using (35) in (36) we have

2[1€} o () +ag +aghps — £p.02(x) (1 +ag)* ¢7]a3 = T2L5 5 | (X) (52 +12)
37)
which gives

laa| < TPOIVIPX)I . 38)

~ e ag +aggn — (1 ag? 67} P2@) — 21+ ag)’ $7 0]

Also, by subtracting (31) from (33) , we get
2(1 + g +aq))pa (a3 — a3) = T [£p,0,1(x) (52 = 12) + Lp 0 2(0) (57 — r{)]. (39)
Then, by using (34) and (35) in (39), we have

Tzﬂ%,g,l(x) (st +r1) 7£p,0,1(x) (52— 12)
2(1 + ag)?¢? 2(1 + ag + ag?®) ¢,

asy =

and by the help of (28) and (29) and taking modules, we conclude that

] < 2 P2(x) 7] [P (x)]
as| < .
(1 +ag)¢f (1 +aqg+ag)d o
The next theorem gives us the Fekete—Szego inequality :
Theorem 2 For § € R, let f given by (1) be in the class Q9" (t, o; x). Then,
[l P(x)] . Il
a3 — Sa%’ < (l+aq+aq2)¢2 s 0 < |[(8, X)I < 2(1+|01‘L]+0“72)¢2 (40)
T 2P e@ ), (265 x)] = m
where
(1=8£L% 5,0
1(8: x) = r.o1 A1)

2[5 011 +20)(1 428" = L5 6,1+ 021+ |
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Proof From the equations (37) and (39) , we get
w283 51 () (24 12)
2t(1 +ag +ag)prLh o 1 (0) =201 +¢q)2$1Lp o 5 (x)
T‘QP,QA,I (x> (s2 —12)
2(1 + ag + ag®)¢pn

T T
= SP,Q,I(X) [(l(S,x) + m) 52 + (t(&x) - m) Sz] ’

az — 8a? :(15)[

where
2 2
o (1-46)L (x)
1(8; x) = rel :
2[78} 0 (1 +ag +aq2b2 — £p o, (@)1 + g6}
By using equalities in Eq. (2), we complete the proof. O

3 Corollaries and consequences

An urgent and important corollary of the Theorems 1 and 2 for ¢ — 17 is asserted by
Corollary 1 below.

Corollary 1 Let the function f € Q" (t, a; x) be of the form (1). Also assume that § € R.
Then,

[T| [P ()| /[P (x)]
\/|{1'(1 +2a)¢y — (1 +a)? ¢7} P2(x) —2(1 + a)? $7 O (x) |

2P2(x) lTl P (x)
(I+a)2¢? (14 2a)¢

laz| <

las| <

and

[P ()] . 7l
a3 = M%‘S: Il e 0 < WG 0l < alg

21POI@ 01, 1663 0] 2 3t

Choosing T = 1 and ¢ — 1~ in Theorems 1 and 2, we get Corollary 2.

Corollary 2 Let the function f € Q"' (a, 1; x) be of the form (1). Also assume that § € R.
Then,

] < [P VIPG)]
U +20067 — (1 +@)? 62} P2) — 2.1 + ) 67 Q)|
ay] < P2 P ()]
T A+t (1420
and [P ()] 1
’a3 — 8a%| < [ (1+20)¢2 SRR = m
2Pt 0, 185 x) = 0206

Choosinge=1,t=1and ¢ — 17 in Theorems 1 and 2, we get Corollary 3.
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Corollary 3 Let the function f € Q" (1, 1; x) = Q" (x) be of the form (4). Also assume that
S € R. Then,

o] < |P(x)| VTP ()] ,
V302 — 462} P2) — 897 0|
@] < onzc) |P(x)|
4¢3 3¢,
and [P 0<t(8:x)| < -
a3 — 8a3| < 362 0P = 1RE V= g,

2P0, 118 x)| = @
Choosinga=1,7=1,9 — 1~ and ¢; = ¢ = 1 in Theorems 1 and 2, we have Corollary 4

Corollary 4 Let f € Q*(1,1;x) = Q" (x) be of the form (4). Also assume that § € R. If
¢1 = ¢o =1, then

[P (x)| VIP(x)]
laz] < ,
|P2(x) +80(x)|
P? P
las| < :x) +| ;x)l
and [P ()] 1
52 o LO0< [t 0] <5
jaz = 8a3] < {2|P<x)| 1@ 00, 11850 = L.

In particular, for § = 1, we obtain
e
T (It ag +aghen

and foré =t =a =1 we obtain

[P ()]
|a3_a%| = 3¢2 :
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