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ABSTRACT For years, the pendulum system has been the most popular experimental setup for education
and research in robotics and control theory. This paper examines the different kinematic and dynamic
structures of pendulum systems, which are frequently used in literature, considering their usage in various
engineering fields. Each pendulum system resembles a real physical system, allowing for a deeper
understanding of the system's behavior. While each pendulum has its own advantages and disadvantages,
they are subjective and depend on the field of application and method of use. This paper aims to review and
simplify the understanding of the various pendulum systems used in research and applications, presenting a
summary of the general properties of pendulum systems to the researcher.

INDEX TERMS Pendulum systems, robotics, control theory and engineering modelling,

I. INTRODUCTION

The inverted pendulum system (IPS) is a benchmark
problem  for studying nonlinear control  design,
implementation and development of controllers. It is
frequently used in control theory studies and exists in
graduate and undergraduate control textbooks as an example
of a physical system defined mathematically [1]. IPS is an
easily implemented experimental setup to examine and
verify the advanced control methods designed for nonlinear
systems. The simplified analogous models of IPS are
extensively employed in the development of robust
balancing control systems for legged humanoid robots, two-
wheeled transporters, drones, aerial robots, submarine
vessels, satellites, missiles, rockets, etc [2-3]. The design of
robots based on IPS such as legged robots or continuum
robots requires fewer actuators for motion control, which
results in better control-input efficiency, higher dexterity,
and a lesser propensity to break down. High balance control,
good trajectory tracking, and robust disturbance rejection are
important requirements for these robotics systems in real-
time applications. In every control application of IPS, a well-
postulated balancing controller is a prerequisite that enables
a pendulum to stabilize its posture in a structured
environment. The physical analysis of the IPS has been an
important consideration in modern control theory studies [4].
Controlling IPS of different configurations is a challenging
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task but it provides a demonstration model of the capabilities
of the natural science and engineering fields [5]. The
objective of controlling the IPS is to keep the pendulum in a
stable, upward position against the gravitational force by
adding a driving force [6-7]. The pendulum must be stable
against the gravitational force, which would make it in an
upward position to a more resting-state stable. Different
mechanical structures and controllers have been studied to
maintain the stability of the IPS. However, the control
problem becomes more complicated with additional links
and joints [8]. In the literature, many controllers have been
used to maintain the inverted pendulum in a stable position.
In addition to this purpose, the main control objectives of IPS
are stabilization control, swing-up control, and anti-swing
control. In this paper, current studies on the control of IPS
for different purposes and applications are reviewed in detail.
Controller structures can be basically examined as linear and
non-linear controllers. Linear controllers used in IPS can be
summarized as proportional integral derivative (PID) [9], PI,
PD [10], Linear-quadratic regulator (LQR) [11, 103, 104],
linear-quadratic-gaussian (LQG) [104], H, and H, optimal
control [12], etc. The PID controller commonly used in IPS
control shows excellent performance due to its robustness in
different operation conditions. The linear controllers are easy
to implement and very effective in the control of certain IPS
but the use of a linearized model can cause instability and
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poor closed-loop behavior since it cannot fully represent the
dynamics of nonlinear systems. Furthermore, the linear
controllers are very sensitive the parameter uncertainties and
external disturbances in general. The performance of the
linear controllers directly depends on the controller
parameters and finding optimum parameters for complex
nonlinear systems is quite a difficult task. The performance
that can be achieved with linear controllers depends on the
extent to which the IPS is linear within the operating region.
Therefore, the application of linear controllers to the IPS
depends on the degree of freedom (DOF) and its complex
dynamics. During the past few years, different kinds of non-
linear controllers have been applied for IPS control such as
nonlinear time-invariant controllers, (sliding mode control
(SMC), fuzzy logic control (FLC), [13,15,16], self-learning
and adaptive nonlinear controllers, model-free controllers
[17], neural network (NN) control [14, 20], hybridization of
a PID controller and adaptive NN, adaptive NN + PID and
adaptive NN + PD controllers [15, 18, 19], etc. FLC, one of
the most used nonlinear controller structures, can
approximate any nonlinear control law based on the number
of fuzzy sets. In the literature, different types of FLC have
been developed for different control IPS. Several nonlinear
controllers are investigated by researchers to include all
nonlinear dynamics of IPS such as full inertia tensor, linear
and non-linear friction models, etc. Nonlinear control
methods take advantage of the given accurate model of
nonlinear system dynamics to achieve high-performance
control. No linearization or gain scheduling is needed for
their implementation. Also, the stability of the resulting
system can be tested with the Lyapunov stability theory. The
control of the IPS typically relies on accurate dynamic
models and the parameters of the controller are optimally
calculated from this model. Recent literature on this topic
addresses control approaches for a variety of systems having
common explicit dynamic models in the control loop.
Therefore, the dynamic parameters of IPS are a key topic for
advanced nonlinear control design, where all physical
variables need to be taken into account. Like the correct
inertial tensors to consider, the dynamic parameters of the
IPS need to be found with precision. In this paper, to examine
the effects of the inertia of the pendulums, the dynamic
equations of the triple link rotary inverted pendulum are
solved in three different inertia cases: In the first case, the
inertia matrix of the links is neglected in the dynamic model.
In the second case, only component z of the inertia matrix is
considered. In the last case, the full inertia matrix is taken
into consideration in the dynamic model. The results of the
dynamic equations with only the component z of the inertia
matrix and the full inertia matrix are almost the same in low
and medium velocities but not the same for higher velocities.
The accurate dynamic model in the nonlinear control design
of the IPS is very important for this reason the full inertia
must be taken into consideration in the dynamic model of
IPS with a complex structure. Most of the controller
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structures require knowledge of the dynamic model of the
systems, and their control performance is highly dependent
on obtaining the optimum parameter of the controller
directly depending on the accuracy of the dynamic model in
real-world applications. The assumptions in the current
literature that links, and their joints are massless and without
inertial do not fully reflect the behavior of real-world
pendulum systems. Therefore, the effects of mass and inertia
need to be considered to obtain more realistic results. This
study is aimed to examine the effects of mass and inertia on
the dynamic equations of motion of pendulum systems. The
advantages of this work are to examine the different
kinematic and dynamic structures of IPS which are
frequently used in literature. The main contribution in this
study is the necessity of using an accurate dynamic model
(full inertia matrix and nonlinear friction models) of IPS with
complex dynamics for nonlinear control. Furthermore, there
is no advantage in using approximate parameters of the
dynamic model because it can conduct a poor performance
in the nonlinear control due to the complex and coupled
dynamics of the IPS. Dynamic modeling of IPS has been
extensively studied using general approaches, however, it is
difficult to obtain a dynamic model using all physical
variables. Therefore, most control applications use very
simplified models instead of finding the correct dynamic
parameter. Modeling the nonlinear dynamic effects of
friction, actuator characteristics, and inertia tensors could
pose challenges in the parameter identification of the IPSs.
These are examples of areas where further research and
development work are needed. A simple model of the IPS,
consisting of a pendulum link attached directly to the shaft
of a motor, is shown in Figure 1. A classification of IPS
based on the number of actuators is given in Figure 2. In this
paper, the different kinematic and dynamic structures of
pendulum systems frequently used in research and
engineering are explored and analyzed. The paper provides
an overview of the ways in which these systems can be used
to gain insight into the behavior of real-life physical
structures. The dynamic complexity of each pendulum
system is discussed, including the pros and cons of each
system depending on the field of application. The paper
presents typical applications of each pendulum system and
provides a comprehensive review of the existing control
strategies for pendulum systems in robotic research. The aim
of this paper is to provide a comprehensive review of the
pendulum systems and the control strategies used for their
control. It begins by examining different kinematic and
dynamic structures of the pendulum systems used in
engineering, which resemble real-life physical systems. The
advantages and disadvantages of each pendulum system are
discussed based on the field of application and usage. The
paper then moves on to the modeling of the IPS and provides
an overview of the various control strategies used for its
control. The challenges and trends in the field are also
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discussed. The paper concludes by summarizing the findings
and offering insights into future research directions.

m, mass

Optical encoder to
measure the angle

FIGURE 1. A simple model of the IPS.

. PENDULUM SYSTEM TYPES: AN OVERVIEW

Different types of pendulum systems are used in various
industrial sectors. Generally, these pendulum systems may be
categorized into two groups, based on their structures and
number of actuators: (1) single-actuator pendulum systems,
and (2) multi-actuator pendulum systems. The single-actuator
pendulum systems have a single actuator that provides the
control input to the system. The actuator may be either a motor
or a hydraulic system. The inverted pendulum system (IPS) is
the most common single-actuator pendulum system and is
used as an example in undergraduate control textbooks. The
objective of controlling the IPS is to maintain the hinged
pendulum in a stable position, usually upward, by adding a
driving force. Multi-actuator pendulum systems, on the other
hand, have more than one actuator, which provides control
inputs to the system. The control problem becomes more
complicated with the addition of more actuators, but the
pendulum system can be more flexible and responsive to
external disturbances. These systems are used in various
applications, including advanced robotics and mechatronic
systems. The classification of the IPS according to the actuator
configuration is illustrated in Figure 2.

2.1 Single Actuator Linear Serial IPS

2.1.1 Single Actuator Linear Serial IPS

In summary, Figure 3 illustrates the 3D kinematics
representation and a real experimental implementation of the
SLLIP, where a motor is used to move a cart linearly along a
straight track to modify the pendulum angle. The SLLIP has
two equilibrium points, one in the upward vertical position
above the cart and the other similar to the gantry crane system
control. The objective of the control of the SLLIP is to
maintain the pendulum in the upward vertical position and
prevent it from falling. [21-23]

2.1.2 Double Link Linear Inverted Pendulum (DLLIP)

Figure 4 demonstrates the 3D kinematic representation and a
real-world implementation example of a DLLIP (Double Link
Inverted Pendulum). The DLLIP is an extension of the SLLIP
(Single Link Inverted Pendulum) by adding another vertical
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pendulum link. The DLLIP has a cart that can move linearly
and two pendulum links connected in series to the cart. It has
two equilibrium points, one being the maintenance of the two
pendulums in an upward vertical position above the cart,
which is mostly used to study the control of humanoid robots.
The second equilibrium point is maintaining the two
pendulums in an up-down vertical position, which is similar to
the problem of controlling a crane system with a double
pulley. [24-26]

2.1.3 Triple Link Linear Inverted Pendulum (TLLIP)

A 3D kinematics representation and a real experimental
example of the TLLIP system are shown in Figure 5. TLLIP
is the extension of the DLLIP by another vertical pendulum
link. The TLLIP has two equilibrium points, which are used to
analyze the control problem of different engineering systems.
The first equilibrium problem of this system consists of
maintaining the three pendulums in the upward vertical
position above the cart. The first equilibrium problem is
mostly used to analyze the control of humanoid robots. From
the bottom of the foot to the top of the leg, present the first
pendulum. From the top of the leg to the bottom of the neck
represents a second pendulum. A third pendulum represents a
neck with the head of a human. The second equilibrium
problem consists of maintaining the three pendulums in the
up-down vertical position and is similar to the control problem
of the crane system with more than double pulley, each wire
rope and pulley present a pendulum. [27-31]

* In summary, the IPSs are pendulum systems that can be
categorized into single-actuator and multi-actuator systems
based on their structures and the number of actuators.
Examples of single-actuator systems include the SLLIP,
which has two equilibrium points at the up and down positions
and is used to analyze control problems in space rockets and
human-mounted bicycles. Examples of multi-actuator systems
include the DLLIP and TLLIP, which are extensions of the
SLLIP with additional pendulum links. These systems are
used to analyze the control of humanoid robots and crane
systems with multiple pulleys.

2.1.4 Linear Flexible Inverted Pendulum (LFIP)

Figure 6 shows a 3D kinematics representation of a LFIP.
LFIP is composed of a flexible pendulum link that moves
horizontally by the cart and a load is attached at the end of
the pendulum link. The main objective of this IPS model
according to the other IPS modes is to take into consideration
the large deformations of the pendulum link; its length is
assumed constant, cause to a holonomic constraint. The LFIP
can be used to analyze the control problem of biomedical
engineering systems such as the flex-foot cheetah prosthetic.
The prosthetic is flexibly used to maintain the disabled
human in the vertical equilibrium position. The dynamic
model of the prosthetic presents an LFIP and the human leg
presents the loaded mass to the prosthetic. [32-33]
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FIGURE 3. SLLIP: (a) 3D kinematics representation of a cart-pole (a) (b)
system, (b) 3D kinematics representation of a crane system, and (c) real
experimental implementation. FIGURE 5. TLLIP: (a) 3D kinematics representation and (b) real
experimental implementation.
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FIGURE 4. DLLIP: (a) 3D kinematics representation and (b) real
FIGURE 6. 3D kinematics representation of the LFIP.

experimental implementation.
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2.1.5 Spring-Loaded Inverted Pendulum (SLIP)

Figure 7 shows the 3D kinematics representation of the SLIP
system, which consists of a point mass attached to a massless
leg with a linear spring. The SLIP model is used to analyze the
run and hop of different species and contains flight and stance
phases. The flight phase involves a ballistic path of the point
mass until the foot contacts the soil surface at a fixed angle,
marking the start of the stance phase where the position of the
foot stays fixed, the spring compresses, and the point mass
moves. When the lengths of the spring and the resting spring
are equal, the spring flies away and the flight phase restarts.
The SLIP model was introduced by Blickhan and is widely
used in the study of legged locomotion. [34-36]

y Flight Phase

Stance Phase

m

» .\.

FIGURE 7. 3D kinematics representation of the standard SLIP.

2.1.6 Variable Length Inverted Pendulum (VLIP)

Figure 8 (a) depicts a 3D kinematic representation of the VLIP
system, which is composed of a pendulum link that moves in
a vertical position and a sliding mass attached to the variable
pendulum link length. The system's objective is to maintain
the pendulum link in a vertical position while changing the
sliding mass position. Figure 8 (b) shows a kinematic
representation of a double pendulum with a variable length
(DPVL), which provides a simplified and accurate model for
planning static and dynamic human-like robots. Both the static
and motion dynamics of human postures can be described with
the variable parameters of the DPVL. [37-39]
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FIGURE 8. 3D Kinematics representation of: (a) VLIP and (b) DPVL [39].
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2.2 Single Actuator Linear Parallel IPS

2.2.1 Linear Twin Inverted Pendulum (LTIP)

A 3D kinematics representation of the LTIP is shown in Figure
9. The LTIP system is a representation of biped walking robots
where two parallel pendulum links are mounted on a cart
moving on a rail. The aim is to maintain the two pendulum
links in an upward vertical position. The LTIP can be used to
analyze the control problem of a biped walking robot and the
dynamics of a biped walking robot can be modeled by the two
parallel-inverted pendulums of the LTIP system. [40-42]

FIGURE 9. kinematics representation of the LTIP.

* In summary, the various IPS models (LFIP, SLIP, VLIP,
LTIP, and SLRIP) are used in the analysis and control of
different engineering systems such as biomedical systems,
legged locomotion, biped robots, mobile robots, flexible-link
robots, rotary crane systems, etc. Each IPS model has its own
unique structure and dynamics and is used to study the control
problems in a particular system by taking into account the
relevant physical characteristics and constraints of that system.

2.3 Single Actuator Rotary IPS

2.3.1 Single Link Rotary Inverted Pendulum (SLRIP)
Figure 10 shows a 3D kinematics representation and real
experimental implementation examples of a SLRIP. The
SLRIP is composed of a pendulum link mounted to the
horizontal arm via a joint. The rotation axis of the pendulum
link is collinear with the axis of the horizontal arm link. The
horizontal arm link is coupled directly to the motor shaft
giving it rotary motion. The system input is the torque applied
by the motor. The SLRIP system is called the "Furuta
Pendulum™ [43]. The SLRIP has two equilibrium problems
used in the control analysis of different engineering systems.
The first equilibrium problem consists of maintaining the
pendulum in the upward vertical position above the cart. This
equilibrium problem is mostly used to analyze the control of
include walking robots, mobile robots, flexible-link robots,
robots on mobile platforms, etc. The second equilibrium
problem consists of maintaining the pendulum in the up-down
vertical position in the control problem of the rotary crane
system. [34-36]
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FIGURE 10. SLRIP: (a) 3D kinematics representation and (b) real
experimental implementation.

2.3.2 Double and Triple Link Rotary Inverted Pendulum
(DLRIP/TLRIP)

The DLRIP and TLRIP are shown in Figures 11 (a) and (b),
respectively. The DLRIP and TLRIP are models used in the
control analysis of engineering systems such as robots and
cranes. The DLRIP consists of two serial pendulum links of
different lengths attached to an extremity of a horizontal arm,
with a torque servo motor in the middle supplying the torque
input. The TLRIP is an extension of the DLRIP with an
additional vertical pendulum link, consisting of a horizontal
arm and three serial pendulum links. The angles of the
pendulum links in both systems, DLRIP and TLRIP, are
represented by is 6,, 8,, 65 and 8,. These models are used to
analyze the control and dynamics of different systems. [47-48]

() (b)
FIGURE 11. (a) DLRIP and (b) TLRIP

2.3.3 Pendubot

The Pendubot is used in the study of control problems in
mechanical engineering, specifically in the analysis of the
stability and control of multi-link systems. The system is
useful in the design and control of flexible robots, mobile
robots, and rotary crane systems. The angles of the pendulum
links can be controlled by torque motors, and the goal of
control is to maintain the system at the equilibrium points,
making it a useful tool for the study of dynamic control
problems [49-51]. A 3D kinematics representation of a
Pendubot is shown in Figure 12.
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FIGURE 11. 3D kinematics representation of the Pendubot.

2.3.3 Acrobot

Acrobot system is also used to study energy-based control
strategies, where the control input is used to conserve or
transfer energy between the system's Kinetic and potential
energy. This type of control can lead to more efficient and
robust control in comparison to traditional position-based
control [54]. The Acrobot system can be considered a good
testbed for exploring and testing different control methods in
robotics [52-53]. Figure 13 shows examples of a 3D
kinematics representation of an Acrobot system.

T
Input torque

FIGURE 13. 3D kinematics representation of the Acrobot.

2.3.4 A Reaction Wheel Pendulum (RWP)

The RWP system is widely used to study the control problems
in various engineering systems, such as self-balancing
unicycle, segway, and other balancing systems. The torque
input from the servo motor allows the system to be controlled
and balanced, which is critical in these types of applications.
Understanding the dynamics and control problems of the
RWP system is crucial for the development and design of
these systems [54-55]. The 3D kinematics representation of
the RWP system is depicted in Figure 14.

Vertical guide

FIGURE 14. 3D kinematics representation of the RWP.
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2.3.5 Rotary Twin Inverted Pendulum (RTIP)

A 3D kinematics representation of RTIP is shown in Figure
15. The RTIP system is mainly used to study the control of
multi-pendulum systems and is also applied to the control
analysis of complex engineering systems such as flexible-link
robots and multi-link robots. The RTIP can also be used to
analyze the control problem of amusement park rides such as
the rotor ride. [56-57]

First penduan ik

Horizontal fink
Y

Motor

FIGURE 15. 3D kinematics representation of the RTIP.

2.3.6 Rotary Twin Inverted Pendulum (RTIP)

The RTLIP is a complex system that aims to stabilize three
pendulum links in an upward position through the use of three
rotary horizontal arms and a servomotor. The 3D kinematic
representation of the RTLIP is shown in Figure 16. The RTLIP
has six parts and the dynamics of the system are similar to the
motion of two or more humans in a rotor ride. [57-58]

Secood pendubm Third penddum
6;
6
‘
' ;
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Q|
Top view
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FIGURE 17. 3D kinematics representation of the LLPIP.

2.4.2 Rotary-Rotary Planar Inverted Pendulum (RRPIP)
A 3D kinematics representation of a RRPIP is shown in
Figure 18. The control problem of the RRPIP involves
stabilizing the pendulum link in the upward position by
controlling the torque applied by the servo motor at the joint.
The RRPIP presents a more complex control problem
compared to the LLPIP and is used to study the dynamics of
a satellite during orbit. [60]

FIGURE 18. 3D kinematics representation of a RRPIP.

2.4.3 Rotary-Linear Planar Inverted Pendulum (RLPIP)

A 3D kinematics representation of a RLPIP is shown in Figure
19. The RLPIP system aims to stabilize the pendulum link in
the upward vertical position by controlling the rotational and
linear inputs. The interaction of the rotational and linear inputs
makes the RLPIP a complex system compared to the other
types of inverted pendulum systems. [61]

FIGURE 16. 3D kinematics representation of the RTIP.
2.4 Multi-Actuator Planar IPS

2.4.1 Linear-Linear Planar Inverted Pendulum (LLPIP)
The LLPIP system is widely used to study dynamic balance
control and stabilization problems in various applications,
such as biped robots, quadruped robots, mobile robots, and
aerial robots [60-62]. The complexity of the PIP system lies in
its two DOF configurations, which makes the system more
challenging to control compared to single DOF systems like
the IPS, RTIP, and RTLIP. However, the LLPIP system also
has a higher degree of freedom, which makes it more versatile
and adaptable to different scenarios [59]. A 3D kinematics
representation of a LLPIP is shown in Figure 17.
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FIGURE 19. 3D kinematics representation of a RLPIP.
2.5 Multi-Actuator 3D IPS

2.5.1 Two-Wheeled Inverted Pendulum Mobile Robot
(TWIPMR)

A 3D kinematics representation of a TWIPMR (Two-Wheeled
Inverted Pendulum Mobile Robot) is shown in Figure 20.
TWIPMR is based on the concept of an Inverted Pendulum
System (IPS) and is used for tasks such as service robots,
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human transportation, and baggage transportation, among
others. TWIPMR can balance with two wheels and make
sharp turns. It is inherently unstable, but by driving the motors
in the right direction, the system returns to a stable, upright
position. The two wheels are the only two points of contact
with the ground. The aim is to balance the pendulum at zero
degrees (8 = 0°). Additionally, this system can be driven with
multiple wheels, and such a configuration is called a Multi-
Wheeled Inverted Pendulum Mobile Robot (MWIPMR). [62-
65]

FIGURE 20. 3D kinematics representation of the TWIPMR.

2.5.2 Quadrotor Driven Inverted Pendulum (QDIP)

A 3D kinematics representation of a QDIP is shown in Figure
21. The QDIP system has two main components: the quadrotor
and the inverted pendulum link. The quadrotor provides the
necessary lift and control to stabilize the pendulum link, which
is mounted on the top of the quadrotor. The goal of the control
system is to keep the pendulum link in the upward vertical
position, which is an inherently unstable configuration. This
system is used to study the dynamics of a human in a fly-board
air system, where the human acts as the inverted pendulum and
the fly-board as the quadrotor. [67-68]

FIGURE 21. 3D kinematics representation of the QDIP.

Ill. PENDULUM SYSTEM: MODELING

The serial IPS can be considered an under-actuated system.
The kinematics equations of the IPS may be obtained based
on the Denavit-Hartenberg method. i‘liT is the homogeneous
transformation matrix from the coordinate attached to an i
link to a coordinate attached to i'™" link, i = 1...n, can be
given as follows:

L—liT
cos 6; —sin 6; 0 ai_1
sin@;cosa;_; cosf;cosa;_, —sina;_, —sina;_;d;
sin@;sina;_4 cos@;sina;_q cosa;—1 cosa;_1d;
0 0 0 1
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Rotation and homogeneous transformation matrices between
coordinates of the serial IPS can be calculated. The nonlinear
motion equations of serial IPS are derived based on the DH
convention. Furthermore, the nonlinear equations of the
serial IPS are derived based on the "Euler-Lagrangian”
method using rotation and homogeneous transformation
matrices [69-70]. The nonlinear equations of the IPS are
given in equation (2):

T
D0 +C(6,6)+G() = [01] )
0

Where the vector of joint positions is 6, the vectors of angular
velocities is 6, and the vector of angular accelerations is 6.
D(09), C(@, 9), G(0) and ; are mass matrix, vector of
centrifugal and Coriolis forces, gravity force vector, and
torque input in 6;. The terms of the mass matrix are
calculated using equation (3).

D) = ) [(A) mid; + (BT1:B] ®
i=1

m; is the mass of i link; [; € R3 X 3 is the inertia tensor
in the mass center of the i link. A; and B;€ R 3xn are
Jacobian matrices. The terms of Coriolis and Centripetal
vector are calculated using the equations as follows, [67]:

n n

c(6.0) = > > [ck;@6:6] @
k=1j=1

. d 10 N

ij(a)za—ak Di]' (e)—za—el Dk]-,1S1,],kSn (5)

The gravity vectors can be calculated using equation (6).
n n
GO = = " [z Aly(®) | ©)
i=1j=1

3.1 Modeling of the SLRIP

The SLRIP is assumed to be a serial kinematic chain. The
kinematic model of the system is derived based on the DH
convention. Rotation and homogeneous transformation
matrices between coordinates of the SLRIP are calculated.
The parameters and variables of all models are given in Table
1. DH Parameters of the SLRIP are given in Table 2. The
homogeneous transformation matrix of the SLRIP is derived
in equation (7) using the DH parameters in Table 2.

oT = OTITIT =

sinB,cos®; cosB,cosB; —sinB; L,cosO;sin6, — L;sinB;

sin@,sin®; cos0O,sin®; cos6; L;cos6; + L, sin 0, sin0, 7
cos 6, —sin6, 0 L, cos B,
0 0 0 1

The dynamic equations of the SLRIP are derived in the
matrix form in equation (8).
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myL,> L,? sin20 L; L, m, cos 8
[—141 +Izzl+m2(—2 . 2+L12> (1 . 2)]|

Ll Lz m,; COs 62 Lz mz [
- ( 2 )

1 .2 . 1 Coe
E(Llemzez Sln(ez) ) + Z(Lzzmzelez Sln(zez))

+ 1 5
- g (LZZ 91 m, Sln(zez))
0 T
1 = 1
+ _E(ng m, sin(6;) ) [0] ®)
TABLE |
PARAMETERS AND VARIABLES OF THE SYSTEM
Symbol Description Unit
0; Angle of i-th link. [rad]
T; Torque for the i-th link. [Nm]
I Inertia tensor of i-th link. [kg m?]
I, Z-component of tT?nEenla tensor of i-th [Kg m?]
m; Mass of i-th link. [ka]
mg Mass of balance mass. [ka]
L; Length of i-th link. [m]
b; Viscous damping coefficient of i-th link. [N-m-s/rad]
g Gravity [Nkg™]
TABLE I
DH-PARAMETERS OF THE SLRIP
Coordinate A aj_q d; 0;
1 0 0 0 0,
s s
2 -3 0 L, 6, — 3
3 0 L, 0 0

3.2 Modeling of the DLRIP

The DLRIP is assumed to be a serial kinematic chain, it is
the extension of SLRIP. DH Parameters of the DLRIP are
given in Table 3. The homogeneous transformation matrix of
the DLRIP is derived in equation (9). Simplified parameters
description of the DLRIP are given in Table 5, see appendix.

TABLE Il
DH-PARAMETERS OF THE DLRIP
Coordinate A1 Qi1 d; 6;
1 0 0 0 0,
T A
2 -3 0 L, 0, — 5
3 0 L, 0 05
4 0 Lg 0 0

HER R
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sin 8,3 cos 6;
sin 6,5 sin 6,
cos 0,3

cos 0,3 cos O ...
cos 6,3 sin O ...
—sin 923

—sin 6, Ocos 6:(L, sin Gg ¥ L3 sin 6,3) — Ly sin6;
cosf; LjcosB, +sinb, (Lzsinf,3 + L, sinb,)
0 L3 cos 6,3 + L, cos 6,
0 1

Where 923 = 92 + 93.
The elements of the mass matrix of the DLRIP system are
given as follows :

)

I3 a, ay IZZ3 cos(26, + 263)

Dy = Izzl+ T+ g +7+
a, cos(20, + 205) ag cos(03 )

2
agcos(26, + 03 ) N as

8 2 2 4
a, sin“0 a, cos(26
+ <—2 Tt a5> -2 2( 2) (10)
a;1cos(0, +05) +2a;9cos0, ag cos 0,
a1 cos(0, +03)
Dig = — " (12)
dj dp
D,, = az+ agcosB3 + y + 1,3 + (T + IZZZ) (14)
a; agcos0;
Dy3 = 7 T"‘ ly23 (15)
ay
D33 = T + 1z (16)
D1 = Dy2,D31 = Dy3 17

The expression of the mass matrix of the DLRIP is given in
equation (16)

Di; Diz Diz
D(6) = D21 Dy; Dy

D31 D32 D33

(18)

The elements of the Coriolis and Centripetal force vector are
given as follows:

C11 = IZZZ 6162 sin 262 + IZZ3 6‘16‘2 Sin(zez + 263)

326162 sin 262

+1,,3 6165 sin(20, + 205) + a5 6, sin B, + .

a,0,8, sin 26,

7 + a, 6,6, sin 26,

.2
+ dqo 62 sin 62 +

a,0,05sin(26, + 263) 311922 sin(0;, + 03)

+ —_
) 4 2

a;10; sin(8, +03)  a,68;6,sin(26, + 26;)

+
) 2 4
3992 sin 0,
2

+ dg 6162 Sin(ZGz + 263) -

389'19'3 Sin(zez + 93)
+ 2

+ dqq 6263Sin(62 + 63)
389.19.3 sin 93
2

(19)
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1,26, sin20;, 1,36,  sin(20, + 265)

Ca1 = 2 2
c2 . c2 . S 2,
a6, sin(26, + 263) _ 4,0, sin20, agh; sinb;
) 8 ) 2 2
a,0, sin20, agh; sin(26, + 0 .o
-2 z_ 28 sin(26, 3)—3893625in93 (20)
8 2
c2 . c2
ag 0, sinB; a;0; sin(20, + 263)
C3 = 4 - 8
1223612 Sin(ZGZ + 263) 336.22 sin 63
— +
) 2 2
agh;” sin(26, + 63)
- 21
. 1)

The expression of the Coriolis and Centripetal force vector
is given in equation (22)

X Cll
C(G, 6) = C21 (22)
C31
The gravity vector of the DLRIP is given in equation (23)
0
R a4 sin(0, + 63) — 22112 sin 0, — 2a;5sin 6, 23)

— a148in(0, + 63)

The DLRIP has some complex non-linear dynamic equations
which can be written in a matrix form given in equation (24):

Di1 Dyz Di3 91 Ci1 0 T1
D1 Dyy Daz| |6, +[Co1| + |G | = [0] (24)
D3; D3z Dss 65 C31 Gsq 0

3.3 Modeling of the TLRIP

The TLRIP is assumed to be a serial kinematic chain, it is the
extension of TLRIP. DH Parameters of the TLRIP are given
in Table 4. The homogeneous transformation matrix of the
TLRIP is derived in equation (25). Simplified parameters
description of the DLRIP are given in Table 6, see appendix.

TABLE 111
DH-PARAMETERS OF THE TLRIP
Coordinate A_q aj_q d; 0;
1 0 0 0 8,
s T
2 -3 0 L, 6, — 3
3 0 L, 0 05
4 0 Ly 0 0,
4 0 L, 0 0

T = 0T 4T 3T
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[1 1 1 1 ]
551234 + 552134 EC1234 + EC2134 -5 K
1 1 1 1
o _
sT = §C2134 - EC1234 551234 - 552134 Co, Py (25)
l C234 —S234 0 PYJ
0 0 0 1
Py = C;S,(Ly + L3C3 + LyC3Cy — LyS3Ss)
+C;C5(L3Ss + LyC3Sy + LyCyS3) — Ly Sy (26)
Py = S]_Sz(Lz + L3C3 + L4C3C4 - L4S3S4)
+S5;C,(L3S3 + LyC3Sy + Ly CyS3) 27
P, = L3 Cp3 + L0y + LyCozy (28)

Where

S; =sin6;,C; =cos6;,S, =sinB,,C, = cosB,,S; =
sinB;3,C; = cos 03,56, = sinB,,CO, = cos0,,S,34 =
sin(0, + 05 +6,) ,Cy3, = cos(0, + 05 +0,),S,534 =
sin(0; + 6, + 05 +0,) ,Cyz34 = cos(0, + 6, + 65 +
0,),Cz134 = cos(0, — 0, + 05 +0,) and
sin(6, — 0, + 065 +60,).

Sz134 =

The elements of the mass matrix of the TLRIP system are
given as follows :

32
a a, sin“0 I
Dy = f+lzzl+ 2 2 ia+ 2y Bt +y

I,,3 cos(20, +205) a,cos(20,) a;cos(20, + 203)

2 8
agcos(03) agcos(20, +03) I,,4cos(20, + 205 + 260,)

2 2 2
a;qcos(20, + 205 +20,) a;;cos(20,) I, agy
: (26 2(% ) 2 2
ajg  ad19 a1gC0s(20; +20;
+a¢ + > + 8 >

a,, cos(0
”f(“) — a0 cos(26, + 03) (29)

+ a,o cos(03)

DlZ
_ —2ap3005(05 +0,) —2a34c080, — a5 cos(6; + 63 +6,)

2
ay1cos(0, +05)+2a;90cos0, agcos0,

30
: > (30)
aqq cos(0, + 63 )
Dy3 = I
— 2 az3c0s(8; +83) — ap5cos(6, + 65 +6
+ 23 €05(8, + 03) — a5 c0s(6, + 03 + 04) 31
2
— ays cos(0, + 03 + 6,)
b — : (32)
dp a1
Dyp ==+ Loz, + a4+ 2300503 + 7=+ Ips + 217
a
+2aypcos03 + a;g + % + Izzat+ az1 cos(03 + 64) +
+ a,, cos B, (33)
a a,q cos(6;+6
Dy3 = ajg + az, cosB, + ay, cos O3 +Tlg + %
a; agcosB3
tlopat o ot s G4

a9 ayycosB, aj cos(B; +6,)
Doy =lppe +—+

4 2 2

(35)
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a; ay, €080,  ajg

D33=Z+IZZS+IZZ4+318+_ 2 +T
a,, cos O
Hgg + Az + (36)
dig

Dyy =154 + > 37
D21 = Dy2,D31 = Di3,D41 = Dyy (38)
Dy = D2y, Dz = D3y 39

The expression of the mass matrix of the TLRIP is given in
equation (40).

Di; Dy D1z Dy
DZl DZZ D23 D24
D31 D32 D33 D34
D41 D42 D43 D44

D(B) = (40)

The elements of the Coriolis and Centripetal force vector of
the TLRIP are given as follows:

ag 0,65 sin 03
2
.. ag0,” sin 0
+1,4 6,6, sin(20, + 265 + 20,) + %
+1,74 6,0, sin(20, + 205 + 20,) + 1,5, 6,6, sin 20,
. a,, 0,0, sin0
+325 6394 Sin(93 + 93 + 94) - %
a190, 0, sin(26, + 265 + 20,)
2 2 4
3256.2 Sin(ez + 93 + 94) 32563 Sin(ez + 63 + 94)
+ 2 + 2
+389.19.2 Sin(zez + 93) + 2 dz3 9‘29’3 Sin(ez + 93) + dipo
ayq 0,6, sin(26, + 65 + 6 ..
2L (2 24856 a1; 6,05 sin(0, + 03)
a,1 0,05sin(0, +05)  ay, 6,0, sin(03 + 0,)
2 2
+ay0 0,03 sin(20;, + 03) + a,;6,6,sin(20, + 65 + 6,)
a,0,0; sin(20, + 2653)
+
.2 4
31162 Sin(292 + 263)
+ 2
386.16.2 Sin(zez + 93) + 2 dzo 6.19.2 Sin(292 + 63) +
+alge.1e.2 Sin(zez + 263) + dzs 6.26.4 Sin(93 + 93 + 64)
dpy 6.16.3 sin 64
2

Cy1 = I z4 6,03 sin(26, + 205 + 26,) —

+1,,3 6,03 sin (20, + 203) +

+ 3186163 Sin(292 + 293)
ag 0,05 sin(26, + 6;)

+2 a,00,6, sin(20, + 03) — ayo 6,605 sin B3 —

3256.42 Sin(ez + 63 + 94) 3119.32 Sin(ez + 63)
+
.2 2 .2 %
+az3e3 Sin(ez + 93) 62 sin 62 + 32192 sin 62
n dpq 6163 Sin(292 + 93 + 64) n 326.16.4 sin 262

2 4
a1901 05 sin(20, + 20, + 26 .
4 219910 ( 1 3 4) +323922 sin(0, + 653)
a,90,0,sin(20, + 265 + 26 .
4 219910 ( 1 3 +) +1,,3 0,0, sin(20, + 203)

a,, 0,6, sin(205 + 2065 + 0 ..
+ 22 12 (25 3 4)+a461625in262

2
dpo 6163 Sin(263 + 263 + 64) 316.16.2 Sin(ZGz + 293)
+ 2 + 4
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+ dzs 6263 Sin(263 + 263 + 64) + 3179.16.2 sin 262 (41)

—l 0 6, sin(20, + 205 +28,)  1,,, 6, sin 260,
a;7 0, sin20, a; 0; sin (20, + 2063)
2 8
ass 0, sin (20, +205) a6, sin (20, + 265)
2 2
as 632 sin (63 +6,) ax; 942 sin (63 + 6,)
2 2
a5 6, sin (26, + 205 + 0,)

2
—ag 6263 sin 93 - Zazo 6'29'3 sin 93 —dpp 9’26’4 sin 64

Ca =

— ay; 0,65 sin(05 + 0,)

L2
dpo 64 sin 64
2

dg 6.32 sin 63
g
ag 8; sin(26, + 63)

- > — ay0 6, sin(26, + 65)

—ayg 0,05 sin(83 + 0,)
ajo 6, sin(20, + 205 +20,)  a, 6, sin 20,
B 8 B 2
a, 6, sin 26,
8

.2 .
—ay 03 sinB; —

—dp1 6'49.2 Sil’l(93 + 64) -

l,23 612 sin(26, + 263)

2 — dp2 9.36.4 sin 94 (4’2)

ay; 01 sin(0; +0,) L,z 6, sin(20, + 265)
Ca1 = 4 - 2
_ap 642 sin 0, A 612 sin(26, + 203)
2 8 .
aig 6, sin(20, + 26;) Ay 6, sin(20, + 05 +6,)
2 2 22
1,4 01 sin(20, + 265 + 26,) L an 6, sin(8, +0,)
2 , 2
ag 0, sin(20, +0,)

2 4
dzo 612 Sin(292 +93) dzo 612 sin 63
- +
? z
a1 0, sin(20, + 265 + 260,)
2 2 8
ay, 01 sin(20, + 263 +26,) ag 6; sinB;
B 2 + 4

.2 .
azo 0, sin B3
+

—dpp 6‘26‘4 Sin(zez +63) -

.2
ag 0, sinB;

2 - 322636.4 sin 64 (43)

ay 612 sin(63 +0,) agq 612 sin(26, + 265 + 20,)
- 4 - 8

ay1 0, sin(20, + 05 +6,)  ayy 0, sin(20, + 205 + 20,)
B 4 B 4

Lga 6, Sin(20, + 205 +20,)  ay 6, sin(0 + 6,)
B 2 + 2
P 912 sin@, ay, 622 sin 6,

4 + 2

C41

+azz 6362 sin 64 +

.2 .
dpo 93 Sin 94_
+ -

- (43)
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The Coriolis and Centripetal force vector of the TLRIP can

80 . : ; _
be given in equation (44). ol S T e britnres |
11 sas| 7 N O;with Full T
A C21
c(0,8) = 44
©.6)=1c] (44)
C41
The elements of the gravity vector are given as follows:
Gy, =0 (45)
dig . . IV
Gy, = —TSln(Gz +03) — ayesin(6, + 63) — —_sin 0,
ay7sin(6, + 065+ 0
—a,35in 0, —aygsinB, — 27 sin( 22 3 +) (44)
dp7 Sin(ez + 93 + 94) dig Sin(ez + 93)
G31 = — -
2 2
—djg Sin(ez + 63) (45)
dp7 Sin(ez + 93 + 94)
Gyy = — 2 (46)
The gravity vector of the TLRIP is given in equation (47):
0
G21
G= 47 .
G31 ( ) 42 43 44 45 46
G -60 L L ! L
41 0 1 2 3 4 5
The TLRIP has some complex non-linear dynamic equations Time (s)
which can be written in a matrix form given in equation (48): 100 -
Dy; Dy, Diz Dyy 91 Ci1 0 T1 T 42 S /‘i
D1 Dy Daz Dyyl|6: Cz1 Go1 0 o et N
S+ + = 48 4
D3; D3z Dsz Das|6; Ca1 Gz 0| ©“8 a0
D41 Dyz Duz Dy o, Ca1 Gaq 0 fg 20 ‘
-~ o0
3.4 Inertia Analysis of the IPS 20 |
To analyze the inertia effects of the pendulums in the IPS, a0l
the nonlinear equations of the TLRIP are solved in three oo |
inertia cases. In the first analysis, the inertia tensor of all .o

pendulums is ignored from the mathematical model. In the 0 1 2 3 4 5
second analysis, the component 1,, of the inertia tensor is
considered for mathematical modeling. In the last analysis,
the full inertia tensor iI of all pendulums is taken for
mathematical modeling. Figure 22 shows an example of the
joints’ positions of the TLRIP obtained by the three different
dynamic simulation models for the initial condition of 8; =
0° 6, =20° 6; =30° and 6, = 40°. The simulation
results with only the component I,, of the inertia tensor and
the full inertia tensor I are practically the same for low
velocities of the pendulum. Alternatively, the nonlinear
model without inertia is unacceptable. Consequently, to have
a simplified nonlinear model of the IPS, the component I,, -100 : : : :
of the inertia tensor may be used. Besides, the accurate
nonlinear model in the swing-up control of the IPS is very
important to compute the total energy of the pendulum. FIGURE 22. Comparison of the pendulum positions of the TLRIP in
. . i different inertia cases.
Therefore, the full inertia tensor {I must be taken to
determine the dynamic model of the IPS.

100 T T T T

0, (deg)

Time (s)

VOLUME XX, 2017 3

This work is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 License. For more information, see https://creativecommons.org/licenses/by-nc-nd/4



This article has been accepted for publication in IEEE Access. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/ACCESS.2023.3269580

IEEE Access

Author Name: Preparation of Papers for IEEE Access (February 2017)

IV. INVERTED PENDULUM SYSTEM
EDUCATION

According to the literature reviews, there are two balance
points for the IPS. The unstable equilibrium point is where the
pendulum is in an upward position and will tend to fall down
unless controlled. The stable equilibrium point is where the
pendulum is in a downward position and is stable without any
control. Figure 23 shows an example of the stable and unstable
equilibrium points of a DLLIP. There are three main control
problems related to IPS: stability, swing-up, and anti-swing.
Each problem requires a different control method, which can
vary depending on the model of IPS being used. The control
methods applied to IPS can be classified in different ways as
shown in Figure 24. For the swing-up control problem, the
control methods used are: Reinforcement learning, Energy-
based control, adaptive control, and Lyapunov-based control
methods. These methods are used to help the pendulums to
reach the upward position from the downward position in a
stable manner. The stability control problem considers the
control of the system once it is already in the upward position.
The pendulum links are held in the upward position and
stationery by the experimenters while the controller is
initialized. For the anti-swing control problem, the control
methods used are: Feedforward control, feedback control, and
impedance control methods. These methods help in reducing
the oscillation and vibrations of the pendulum links during
their transition from the upward to the downward position. It
is worth mentioning that the choice of the control method
depends on the model of IPS, the desired level of performance,
and the requirement of the specific application.

IN CONTROL

Stable equilibrium point

e -

Unstable equilibrium point

FIGURE 23. Example of the stable and unstable equilibrium points of a
DLLIP.

4.1 Stabilisation Control Problem

According to the works existing in the literature, it can be
seen that the control methods used for the stabilization
problem are: PID, optimal control, Fuzzy logic sliding mode
control methods, etc. These methods are the basic methods
used for the stabilization control problem of the IPS.
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In 1995, D.J. Block et al. [72], mounted two pendulum
links in a fixed place, and only the first pendulum link was
driven by a torque motor. It is a concept of two links
underactuated planar revolute robot (Pendubot). The stability
of the Pendubot was achieved by linearizing the equations of
motion around the equilibrium point using a linear state
feedback controller and the partial feedback linearization
method is applied to swing up the Pendubot.

In 1996, Li-Xin Wang [73], developed a stable adaptive
fuzzy controller for the tracking application of SLLIP. This
technique is used to keep the inverted pendulum in an
upward position. The adaptive fuzzy controller is created
from a group of fuzzy rules. Fuzzy parameters are adjusted
online according to an adaptation law to a trajectory control
of the system.

In 1996, F. Cheng et al. [74], developed a high-accuracy
FLC to stabilize a DLLIP in the upright position. In this
technique, a composition coefficient is obtained by blending
fuzzy control theory with optimal control theory. Thus, a
high-level resolution fuzzy controller is achieved.

In 1998, K.G. Eltohamy et al. [27], developed a single-
input feedback controller for a TLLIP by using a nonlinear
optimization technique. The TLLIP has been successfully
stabilized in the vertical upward position. According to
obtained results, the linear controller doesn't look robust
enough to achieve stability.

In 2000, J. B. Kim et al. [106], presented a global
asymptotic stabilization method for an inverted pendulum
system using an exponentially stabilizing state feedback
controller. The proposed controller is designed based on the
Lyapunov stability theory. The controller was applied to the
global stabilization of an unstable equilibrium point of a
DLLIP in the upright position.

In 2002, J. Aracil, F. Gordillo, and J.A. Acosta [75], a
nonlinear control law is proposed using Lyapunov theory
and feedback linearization, which results in stable and robust
oscillations around the vertical position of the SLRIP. The
proposed technique shows improved performance compared
to the traditional linear control methods.

In 2005, Feng G et al. [107], proposed a fuzzy logic
control method to stabilize the pendulum link in the upward
position. The fuzzy logic controller is designed by using the
Lyapunov stability theorem and modeling the system using
a linear state-space representation. The fuzzy logic controller
is used to stabilize the pendulum link by minimizing the
energy of the system.

In 2010, Nasir et al. [76], developed a PID controller and
a modern controller Sliding Mode Control (SMC) for a
SLLIP. Controllers are compared according to the time
specification performance. The result indicates that SMC
produced an improved response compared to the PID control
strategy.

In 2010, S. Kizir, and Z. Bingiil [77], focused on both
stabilization and swing-up problems for a real experimental
setup of a SLLIP. Different controllers are tested using the
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Control Methods
Applied to IPS

Stabilization
Control

J

Nonlinear ]

Linear
controllers conlrollers

|

Swing-up Antiswing
Control control

Linear
controllers

Linear

Nonlinear
controllers controllers

) |

Nonlinear
controllers

l l

I contol State feedback| | Linear Quadratic | | Linear Quadratic Extended Kalman Adaptive fuzzy || Neuro-Fuzzy || Sliding Mode | | Feedforwardand || Energy function- | [ Nonlinear model
COmOR | controler regulator control | | Gaussian Control | | Filter based on LQR Control controller Control Feedback control | {based control method| predictive

|

PID contrller State feedback | | Linear Quadratic iy ool Neuro Fuzzy
controller regulator control ? controller

FIGURE 23. Classification of the control methods applied to IPS.

experimental setup. The FLC is used to swing up the
pendulum. PID controller is used to stabilize the pendulum
in the unstable equilibrium point.

In 2012, J. Zhang and W. Zhang [78], developed an LQR
self-adjusting controller to stabilize a planar double-inverted
pendulum system based on an optimized factor. The obtained
results indicate that the controller ensured a fast response,
good stability, and robustness in the different operating
conditions applied to the system.

In 2013, B.Li [79], worked on the stabilization control
problem of a DLRIP. An LQR based on direct adaptive fuzzy
control (AFC) is developed. The AFC increases the LQR
performance and the robustness of the DLRIP. The
simulation results of the two controllers obtained by their
comparative analysis indicate that the AFLC can enhance the
LQR by increasing its robustness in the DLRIP.

In 2013, Gliick et al. [31], are focused on both stabilization

and swing-up problems control problems for a TLLIP.
Nonlinear feedforward and optimal feedback controllers are
applied for the swing-up problem. A time-variant Riccati
controller was developed for system stabilization along a
nominal trajectory, and an Extended Kalman Filter (EKF)
was developed to estimate the no measurable states.
* In conclusion, the above research works demonstrate the
various control methods that have been developed and
applied for stabilizing and controlling IPS, including PID,
optimal control, fuzzy logic, sliding mode control, adaptive
fuzzy control, high-accuracy Fuzzy Logic Control (FLC),
nonlinear optimization, and others. These control methods
have been used to successfully stabilize and control the
pendulum at its upright position, reduce oscillations, and
improve the response of the system. The choice of control
method depends on the specific requirements and objectives
of each IPS system.
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4.2 Swing-up control problem

According to the works existing in the literature, it can be
seen that the control methods used for the swing-up control
problem are generally divided into, feedforward and
feedback control, energy shaping, nonlinear model
predictive control, and optimum trajectory approaches, etc.

K. Furuta et al. [80], proposed a bang-bang state feedback
controller in 1992 that used the LQ control method to control
the pendulum system. The controller was able to successfully
swing up the pendulum to the upward position and maintain
it in the unstable equilibrium point. The experimental results
showed that the proposed method was robust and effective
when combined with feedforward control.

In 1993, M. Yamakita, K. Nonaka, and K. Furuta [81],
proposed a method for transferring the state of a double
pendulum from a stable equilibrium point to an unstable
equilibrium point. This method is useful for the swing-up
control problem and uses a combination of feedback and
feedforward controls. The authors also employed a learning
control method to adjust the feedforward control, making the
overall approach a blend of both control methods.

In 1995, M. Yamakita, M. Iwashiro, Y. Sugahara, and K.
Furuta [82], proposed a robust approach for swinging up a
DLLIP from one equilibrium to another. The authors
developed two control methods for this purpose: one based
on energy functions and the other based on control input,
which makes the limit cycle in the system stable. The
proposed approach is a significant contribution to the field of
swing-up control.

In 1997, S. Yasunobu and M. Mori [83], proposed a fuzzy
controller based on a formulated human control strategy and
applied it to a SLLIP with unknown parameters. The swing-
up control and stabilization control were modeled using
Fuzzy Logic Control (FLC).

In 2000, K.J. Astrom and K. Furuta [84-85], studied the
swing-up strategy based on the energy control method
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applied to a SLRIP, making a significant contribution to the
field of swing-up control. These studies demonstrate the
versatility of fuzzy control and its potential for solving
complex control problems.

In 2002, J. Rubi, A. Rubio, and A. Avello [86], studied the
swing-up problems for a DLLIP. They developed a
technique to design controlled trajectories for nonlinear
under-actuated mechanisms and used a linear-quadratic
optimal gain scheduling controller to track the reference
trajectory. This study demonstrates the effectiveness of
combining optimal control with gain scheduling for solving
complex control problems such as the swing-up of a DLLIP.

In 2002, Kwon. Y [109], proposed a nonlinear optimal
control method to swing up a single pendulum system by
applying a combination of two different controllers. The first
controller is applied to stabilize the pendulum link in the
downward position, and the second controller is used to
control the pendulum link from the downward position to the
upward position. The nonlinear model of the pendulum
system is linearized to determine the optimal control input.

In 2007, Graichen et al. [87], studied the swing-up and
stability problems for a DLLIP and used a nonlinear
feedforward for the swing-up problem and a linear feedback
controller for the stabilization control problem.

In 2009, T. C. Wang, et al. [108], proposed a fuzzy control
method for the swing-up control problem of DLLIP. A fuzzy
logic system was used to generate the control torque for
swinging up the pendulum from the downward to the upward
position. The proposed method was implemented and tested
on a real pendulum system and showed promising results.

In 2014, P. Jaiwat and T. Ohtsuka [88], studied the swing-

up strategies based on the nonlinear model predictive control
for DLLIP.
+ In summary, swing-up control is a challenging problem
and there are several control methods that have been
proposed in the literature to address it, including feedforward
and feedback control, energy shaping, nonlinear model
predictive control, and optimum trajectory
approaches, among others.

4.3 Anti-swing control problem

According to the literature, nonlinear controllers are
generally used for the anti-swing control problem. The
nonlinear nature of the anti-swing control problem requires
advanced control methods such as Nonlinear Model
Predictive Control (NMPC), Feedback Linearization, and
Nonlinear Feedback to ensure the desired stability and
performance. These controllers can handle the complex
dynamics of the system and provide robust solutions for the
anti-swing control problem.

In 1998, Ho-Hoon Lee [89], proposed a dynamic model of
a 3D crane system and developed an uncoupled control
scheme based on the dynamic model linearized around the
stable equilibrium point for the anti-swing control problem.
The control scheme was designed to provide fast damping of
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load oscillation, precise control of crane position, and cable
length with excellent transient responses for the load. The
theoretical and experimental results showed the
effectiveness of the proposed control scheme for solving the
anti-swing control problem in 3D crane systems.

In 2000, B. Vikramaditya and R. Rajamani [90], proposed
a nonlinear trajectory tracking controller for a crane system.
The controller was designed using a sliding surface
formulation and was demonstrated to have stability against
random parameter variations and initial conditions, ensuring
that it met the desired trajectory tracking specifications. The
use of nonlinear control techniques, such as sliding surface
control, was necessary for solving the anti-swing control
problem in crane systems, as it can handle the complex
dynamics and nonlinearities of the system.

In 2006, Cheng-Yuan Chang et al. [91], proposed an
adaptive sliding mode control approach based on fuzzy logic,
applied to position control and load swing of a 3D crane
system. The proposed approach involved using an adaptive
slope of the sliding surface, which helped to reduce the
chattering phenomenon that is often associated with sliding
mode control. By incorporating fuzzy logic, the control
system was able to improve its performance and handle the
complex dynamics and uncertainties present in the crane
system, making it a suitable solution for the anti-swing
control problem.

In 2010, MI. Solihin et al. [92], developed a Fuzzy-tuned
PID controller for a robust anti-swing controller applied to a
crane system. The proposed method utilizes a fuzzy system
as PID gain tuners to attain robust performance to
parameters’ variations for the gantry crane.

In 2013, N. Sun et al. [110], proposed a new method for
the anti-swing control problem of the IPS. This method
combined the backstepping design and the sliding mode
control technique. The obtained results indicate that the
proposed method effectively reduced the swing angle and
improved the stability of the pendulum system in comparison
to the traditional anti-swing control methods.

In 2015, P. Li and X. Li [111], proposed a hybrid control
strategy combining a linear quadratic regulator and a model-
based adaptive controller to control the anti-swing of a
gantry crane. The proposed method is applied to the
nonlinear dynamics of the gantry crane and enhances its
robustness against model uncertainty and external
disturbances. The simulation results showed that the
proposed hybrid control strategy outperforms the traditional
linear quadratic regulator and model-based adaptive
control approaches. The proposed control method aims to
regulate the crane system to follow a desired trajectory while
maintaining stability during the anti-swing control problem.
The combination of Lyapunov-based control and finite-time
control is used to improve the  overall
performance of the system.

In 2017, Zhongcai Zhang et al. [93], proposed flatness-
based regulation controllers for the anti-swing of crane
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system. Furthermore, nonlinear feedback control and a
combined application of Lyapunov-based control and finite-
time control are used to facilitate the development of the
control laws.

V. DIFFICULTIES AND FUTURE RESEARCH DIRECTIONS
In short, controlling an IPS system is difficult due to its
nonlinearity and open-loop instability. However, it can still
be used in control engineering education as a tool for
students to understand the challenges of controlling
nonlinear systems. A robust system is necessary and control
approaches must account for friction estimation in
the articulations [94-98]. Friction estimation is crucial in
controlling an IPS system as it greatly affects the response of
the system. Furthermore, Friction estimation can play a
significant role in improving the system's quality and
dynamic. Z.B. Hazem et al. developed NFFEMs to estimate
joint friction coefficients in the TLRIP system and compared
them with AFEMSs. Their study aimed to obtain joint friction
models that depend on velocities and accelerations for a large
range of motion trajectory that involves sudden and large
changes. They also developed fuzzy-based LOR (FLQR) and
fuzzy-based LQG (FLQG) controllers for stabilization and
anti-swing control problems of the DLRIP and TLRIP.
Further research can be focused on improving joint friction
models and their impact on system control [99-102]. Some
future works recommendation can be given as follows:
« Further validation of the developed joint friction models
through experiments and real-world applications.
« Evolutionary algorithms can be used to tune the parameters
of a neuro-fuzzy system, including the ranges of
fuzzification and the rules, to improve its performance in
estimating the parameters of a NFFEM.
« Additional inputs such as jerks, snaps, and crackles of the
pendulums can be incorporated into the neuro-fuzzy system,
and the IPS (Intelligent Pendulum System) can be controlled
using the friction models suggested by the neuro-
fuzzy system.
+ Swing-up controllers can be developed to demonstrate the
experimental performance of nonlinear control algorithms
such as Feedback Linearizing Quadratic Regulator (FLQR),
Feedback Linearizing Quadratic Gaussian (FLQG), and
Robust Backstepping Nonlinear Feedback Linearizing
Quadratic Regulator (RBNF-LQR).
* The performance of the novel non-linear controllers can be
compared with other controllers in the literature to evaluate
their effectiveness and demonstrate their advantages
and disadvantages.
» Exploration of different control strategies for improved
performance, such as reinforcement learning or model
predictive control.
« Integration of the developed controllers in more complex
robotic systems. Investigation of the robustness and
uncertainty handling capabilities of the controllers under
various operating conditions. [103-105]
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VIl. CONCLUSION

This paper introduces the different kinematic and dynamic
structures of pendulum systems frequently used in literature,
examining their usage in various engineering fields. Each
pendulum system is an analogy of a real physical system,
providing insight into its behavior. This paper summarizes and
organizes the research related to controlling pendulum
systems, presenting challenging applications in robotics. The
aim of this review paper is to inspire researchers and generate
ideas for more efficient control approaches for various robotic
systems.

APPENDIX
TABLEV
SIMPLIFIED PARAMETERS DESCRIPTION OF THE DLRIP
Parameters Description Parameters Description

a L32m3 ag LyLzmj3
az Lzzmz g LiLom,
ag Li’m, ajg LiLom;

L L22m3 ai LiLzm;
as Ly*m, ap L,gm,;
ag Ly’ mj a3 L,gm3
az L;°m; azg Lzgm3

TABLE VI
SIMPLIFIED PARAMETERS DESCRIPTION OF THE TLRIP
Parameters Description Parameters Description

a L32m3 16 L12m4
a; Lzzmz iy L22m4
asz L12m1 dig L32m4

Ay L22m3 dig L42m4
as Li*m, azo LyLzmy
ag Li*mg azg LyLymy
az L32m3 azz L3Lymy
ag L,L3m; EPE LiLzmy
dg L;Lom, dzg LiLoymy
aio L;Loym; dzs LiLymy
ag L;Lsmg aze Lzgm,
aiz L,gm; azy L,gmy
a3 L,gm; azg Lzgm,
ajg Lzgm; az9 L,gm,
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