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ABSTRACT. In this paper, we consider two generalized binary sequences and
then give a generalization of a matrix equality proposed as an advanced prob-
lem. Then we derive new certain finite sums including the generalized binary
sequences as applications.

1. INTRODUCTION
Define the generalized Fibonacci and Lucas sequences as for n > 0

Un+1 = PUn + Unfly
Vn+1 - P‘/n + anl

where Uyg = 0, U; = 1 and Vy, = 2, V3 = P, respectively. When P = 1, then
U, = F, (nth Fibonacci number) and V,, = L,, (nth Lucas number).
The Binet formulse are

n n

U, = o =p and V,, = o™ + 3",
a—p
where o and 3 are the roots of 22 — Px — 1 = 0.
From (8], it is known that for £ > 0 and n > 1

Uen = VkUk(n—l) + (_1)k+1Uk(n—2)7
Vin = Vka(nfl) + <_1)k+1Vk(n72)a
Define the matrix A as follows
_ [ (=)t
A= { 1 0 . (1.1)

In [3], the authors obtained new results for the sequence {Uyg,} by using its gener-
ating matrix. For example, we have

1 Uk (_1)k+1Uk
Ar = — | ThtD) " 1.2
Us { Upn (=D Ug(n1) (12)
and
A" = 1 |: (_l)kJrlUk(n—l) (_1)kUkn :| ) (13)
(-1 Uy, ~Ugn Uk(n+1)
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If o« (k) and 3 (k) are the roots of equation #2 — Vi + (—1)¥ = 0. Then the Binet
formulas of the sequences {Uy, } and {Vj,} are

_p. k)" - (k)"
EICEICN

Note that « (1) = « and S (1) = 3, where « and 3 are defined as before.
Define the matrices G and I as shown

1 1 1 0
G{l O}andI[O 1].

and Vi, = o (k)" + B (k)" .

In [4], as an advanced problem, it was proposed that for m > 0, prove that

26 (G + ) =B — (G D),
n=0
where

Fm+1_1 Fm

€m = m/ (Fm+1 + Fpo1 — 2) and E,, = |: F, Foi—1

and F,, is the mth Fibonacci number. Also note that

n __ Fn+1 Fn

The problem was solved by Bruckman, Kappus and Seiffert and the proposer
(see [1]).

Many authors have used matrix methods to derive some identities, combinatorial
representations for terms of linear recurrence relations (for more details see [2, 5, 6,
7,3, 9]). Matrix methods have been useful tools for solving problems stemming from
number theory and deriving combinatorial identities for certain linear recurrences.

Here we recall a well known formula for later use: Let M and N be two matrices
with the same order. The Waring’s formula is

w2l
M™ N = _1]
= 3

Jj=0

j >(MN)j(M+N)”2j, (n>0). (14)

In this paper, motivated by the advanced problem, we will consider general
Fibonacci and Lucas numbers, and, related generating matrices, then we derive
more general case of the problem. As consequences of our generalization, we ob-
tain several finite sums for the sequences {Ui,} and {Vi,}. We also derive new
combinatorial identites for the sequences.

2. A GENERALIZATION OF THE PROBLEM

In this section, we present a generalization of the problem mentioned in the
Introduction. Define 2 x 2 matrices H and R in terms of the matrices A, A~ and
their nth powers as follows:

H=A+A'= (1— (—1)’“)A+(—1)kaI (2.1)

and
R,=A"+A"".
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Here clearly H = R;. If we sum the the equations (1.2)-(1.3), we get

Viend if n is even,
R, =< (Ugn/Ux)H ifnisodd and k is odd, (2.2)
Viend if n is odd and k is even.

Since the eigenvalues of H are A; and Ay, we obtain

AT if nis even,
H" = (2.3)
ATUH if nis odd,

H™ = H"\?"fort=1,2.

Theorem 1. Form > 1 and odd k > 1,

! N 1
S0 2nAT (AT 1) = Con — o (A4, (2.4)
n=0 Vk
where
= m C. = Uk(m+1) —Ug Ukm
U (Viem —2) " Ukm Uk(m—-1) — Uk

and I is the unit matriz of order two.

Proof. Denote Sy, be the sum on the LHS of (2.4). Let W (n) = nA™ (A" +1)"".
Since det (A" + 1) = Vi 4 (—1)" + 1, we write

1 |: Uk(n—l) + Uk ~Ukn :|
Uk |:an + (_1)kn + 1:| _Ukn Uk:(n+1) + Uk

A"+ =

W (n) =nA™ (A" + 1)

_ n Up(ni1) + (1) U, Un
Uk [Vin + (=1 +1] Usn Ur(n-1) + (=1)"" Uk
where
1 [ V-1 1
wo=g | L]

Also

Co— (A4 1)

Oy — —

202 Vk

_ 2 Usp = U Uz | 1 [ Vpe+1 1

Ui (Vo — 2) Usk 0 Vi 1 1

1 Ve-1 1]

wl e

Thus, the equality in (2.4) for m = 1 is valid. Let N denote the set of positive
integers m satisfied the equation (2.4). We have shown 1 € N. Suppose that m € N.
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Taking u = 2™ and by the inductive hypothesis, we get

1
Sma1 = Sm+W(u) =c¢,Cy — A (A+1)+
i u | Uk + (D)™ s Uru
Ui [Viw + (D)™ +1| | Uku Uk(u—1) + (=1)" Uy |
_ u Up(usr) — (=1)* Uy, Uku . .
[ 1 u
Ui |Viw + (—l)ku —1| L Uku Uk(ufl) - (_1) U ]
_ u _ Uk(ut1) + (‘Uku Uk, Uk .
Uk Vku+(—1)k“+1 I Uku Ug(u-1) + (=1)"" Uy |
—— (A+1
(44 1),
which after some arrangements equals
u 2 (Uk2ut1) — Uk) 2Uzku 1
= V% ——(A+1
(Voku — 2) [ 2Uzku -2 (*Uk(zu_n + Uk) Vi ( )
Uk2ut1) — Uk Ustu 1
= ——(A+T
Ca [ Usku Uku—1) — Uk Vi ( )
1
— Oy — — (A+1),
cuCu g (A4 1)
as claimed. 0

Corollary 1. Forn > 1 and odd integer k > 1

n—1

Z P (U 2t+1) + Us) 2" (Uprgny —Ux) Vi —1
Uk

(Ve + (=D)*2" +1) — Ug (Vier — 2) Vi

and
n—1

Z 2 e 2'Upon 1
Uy (Vth ( 1)]@21 + 1) U (szn — 2) Vi ’

Proof. The proof follows by equating the entries (1,1) and (1,2) of the matrix
equations in (2.4). O
3. SOME MISCELLANEOUS FORMULE

In this section we consider the matrix A in (1.1) and then use some known matrix
methods given in [3] to derive some new sums formulee for the sequences {Uy,, } and

{Vien} -
Theorem 2. Forn >0 and k > 0,

S0 -

() o

—2Uin/V{  if nis even,
0 if n is odd.
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Proof. By the characteristic polynomial of matrix A, we write

ar = (=0 ateva)”
- vk"jio <’;) (—1)7 D (47

Equating (2, 1)-entries of (3.3) gives the claimed results.

Theorem 3. Forn >0, odd k>0 andt=1,2,
Ui

"\ -2’ —2)Art if n is odd,
)3 o 8

§=0 J 0 if n is even.
Proof. Using (2.1) and (2.2), we get

H" = ((1—(—1)k)A+Vk(—1)kl>
- (—Vlk;k" Z @ <(_1€/i_ 1>j »
- REOE)

J=0

n

From the matrix equality in (3.4) and using (2.3), we have the conclusion.

Theorem 4. For any integer k and even n,

(t—2)/2 ; ;
Vien(t—a2i) = Vit — ift i ,
Z (]) kn(t—23) fin (t/2) if t is even

j=0

(t-1)/2 ;
Z < ) Vien(t—25) = Vit if t is odd,
=0 M

and for m = 1,2, odd integers k and n,

(t—2)/2 t
t n t o
Z <> Vin(t—2j) = (Uk) AL, — ( > if t is even,
=0 J Uy t/2
(t—1)/2 t
£\ Ukn(t—2j) (Ukn) -1 L
=] A\ if t is odd.
Z (J) Uk Uk /

After some arrangements, we write

" (t—2)/2 "
<t/2>I + Z (]) Ry 12y iftis even,

i=0
n = (t—1)/2 !

Z (t> Rn(t—2j) lf t is Odd
J

Jj=0

5
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By equating corresponding entries of the matrix equation above, the proof follows.
O

Theorem 5. Forn > 0 and even k,

[(n—1)/2] n e
n v — if n is even,
> <J' )Vk(n—zj) = " <N/ 2> !

j=0 Vi if n is odd.
Proof. Since VI = A=1 + A, we write

n (n—2)/2 n
N <n/2)l + Z <j>Rn_2j if n is even,
=2 (7;) A= 2’

7=0 (n> Rn_9j if n is odd,

j=0 J

which, by equating the corresponding entries and using (1.3),(2.1) and (2.2), gives
us the claimed result. (]

Theorem 6. Fork>0,t=1,2,
—~ (n A Ukn if n is even,
NU2ki = 17 U o odd
o \J Y (Ukng1) + Ug(n—1))  if n is odd.

Proof. From (1.2) and (2.1), we get

ApA™ if n is even,

(HA)" = { MNTYHA™ if nis odd.
From (2.1), we have HA = A? 4 I and so
(HA)" = (A2 +1)" =Y ("> A%, (3.6)

=0\

Equating (2, 1)-entries of (3.6) gives the conclusion. O
Theorem 7. Fort=1,2,

[n/2] . . .

N n—7J oy n/2l—5 Vin if n is even,
z;) (-1) n—j ( j > (%) - { Ukn /U if n and k are odd, (3.7)
=

and for odd n and even k,

[n/2] o e nj2)
> Y ( ‘ j) ()" Vi = Vs

= n—j\ j

Proof. By (1.4) and (2.1), we write that for n > 0

Rn_Lan (-1’ =2 (",j>H"2j. (3.8)

= n—j\ j

By equating (1, 1)-entries of (3.8) and by (2.2) and (3.3), the claim is proven. O
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Theorem 8.

Ukn+1) + Uk = { UinVitn41) if n and k are odd.

Proof. By (3.8), we have
A277,+I — An (A7L+A—n) :AnR
/2l ‘
3 (1) ( , J)A"HHJ.
n—=17 J

=0

The proof follows by equating (1, 1)-entries of (3.9) and from (3.7).

The matrix equation

n

M" 4+ N" = (M + N) Z Y MmN
j=1

is valid if MN = NM and n is odd.
The matrix equation

En:MJ’ =M - (M-1)""

is valid if all eigenvalues of M are different from 1.

Theorem 9. For positive odd integers n and k,

(n—1)/2
Ukn j-1 (n—1)/2
T Z (=1 Vin—zjs1) + (=1) .
=1

Proof. By (3.10), we write

R, = M'"+M"=(M+M" Z 1)/ 7! M2+t
j=1
= H )t MEt = g (=721 4
j:1 j
From (2.2), we have that for odd n,
s (n—1)/2
Ry=(-0)"V2H4+H Y (-1 Viuoajin -
Jj=1

The proof follows by equating (1, 1)-entries of (3.12).

Theorem 10. For odd n and any integer k,
(n—1)/2

Uk(n_H)V;m if n is even or if n is odd and k is even,

(3.9)

(3.10)

(3.11)

Rn—2j+1

(3.12)

Y A (Ukess) +2Ukzirn) = A Uk + (1) Uy, t=1,2.

=0
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Proof. By (3.11),(2.1) and (3.5), we write for odd n,
S (HAY = (H"WAY 1) (HA-I)" = (H"T A" — 1) A72(3.13)
7=0
= (A\TArtt —T1) A2
Again, by (2.1) and (3.5), the LHS of (3.13) can be rewritten as
n C (-n/2 . ‘ (n-1/2 ‘ ‘
(HA)J _ Z )‘t2] (A2j _|_HA2J+1) _ Z )‘t2] (A2g+2 _’_21423)7 t=1,2.
=0 j=0 Jj=0

’ (3.14)

Equating (1, 1)-entries of RHS of (3.13) and (3.14), the proof follows by (1.3). O

4. SOME CONGRUENCE PROPERTIES

Now we present some congruence properties of {Uy,, } and {Vi,} by using (3.7).
If p > 2 is a prime, then from (3.7), we write for ¢t = 1, 2,

Uk PR e (p :
-2 =\ ~1y < , >/\p”ﬂ. 4.1
U, ; (=1) Pl W K (4.1)

Note that the sum on the RHS of (4.1) is divisible by p and we write
Ukp
Uy
Equivalently, we can state that (Uy,/Uz) = 0 (modp) if A7 = 0 (modp) while
(Urp/Ux) =1 (or —1) (mod p) if A} is (is not) a quadratic residue modulo p.
For positive odd integer n, we rewrite (4.1) as for odd integers n and &,

= A" (mod p).

(n—3)/2

@ - (k) g e (e

=0

(n=3)/2 .
n—j\ Jj

Il
3

\
=
4

j=0

From (4.2), the following congruence is derived for odd integers n and k,
— = n(—l)%1 (mod )\3) .

Using the same procedure, for even integer n and any integer k, we get

Vien = 2 (—1)% (mod )\f) .
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