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Abstract. In this paper, we consider two generalized binary sequences and
then give a generalization of a matrix equality proposed as an advanced prob-
lem. Then we derive new certain �nite sums including the generalized binary
sequences as applications.

1. Introduction

De�ne the generalized Fibonacci and Lucas sequences as for n > 0

Un+1 = PUn + Un�1;

Vn+1 = PVn + Vn�1

where U0 = 0; U1 = 1 and V0 = 2; V1 = P; respectively. When P = 1; then
Un = Fn (nth Fibonacci number) and Vn = Ln (nth Lucas number).
The Binet formulæ are

Un =
�n � �n

�� � and Vn = �n + �
n;

where � and � are the roots of x2 � Px� 1 = 0:
From [8], it is known that for k � 0 and n > 1

Ukn = VkUk(n�1) + (�1)k+1Uk(n�2);
Vkn = VkVk(n�1) + (�1)k+1Vk(n�2);

De�ne the matrix A as follows

A =

�
Vk (�1)k+1
1 0

�
: (1.1)

In [3], the authors obtained new results for the sequence fUkng by using its gener-
ating matrix. For example, we have

An =
1

Uk

�
Uk(n+1) (�1)k+1Ukn
Ukn (�1)k+1Uk(n�1)

�
(1.2)

and

A�n =
1

(�1)kn Uk

�
(�1)k+1Uk(n�1) (�1)kUkn

�Ukn Uk(n+1)

�
: (1.3)
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If � (k) and � (k) are the roots of equation x2 � Vkx+ (�1)k = 0: Then the Binet
formulas of the sequences fUkng and fVkng are

Ukn = Uk
� (k)

n � � (k)n

� (k)� � (k) and Vkn = � (k)
n
+ � (k)

n
:

Note that � (1) = � and � (1) = �; where � and � are de�ned as before.
De�ne the matrices G and I as shown

G =

�
1 1
1 0

�
and I =

�
1 0
0 1

�
:

In [4], as an advanced problem, it was proposed that for m > 0; prove that

m�1X
n=0

2nG2
n
�
G2

n

+ I2
n
��1

= e2mE2m � (G+ I) ;

where

em = m= (Fm+1 + Fm�1 � 2) and Em =
�
Fm+1 � 1 Fm
Fm Fm�1 � 1

�
and Fm is the mth Fibonacci number. Also note that

Gn =

�
Fn+1 Fn
Fn Fn�1

�
:

The problem was solved by Bruckman, Kappus and Sei¤ert and the proposer
(see [1]).
Many authors have used matrix methods to derive some identities, combinatorial

representations for terms of linear recurrence relations (for more details see [2, 5, 6,
7, 3, 9]). Matrix methods have been useful tools for solving problems stemming from
number theory and deriving combinatorial identities for certain linear recurrences.
Here we recall a well known formula for later use: LetM and N be two matrices

with the same order. The Waring�s formula is

Mn +Nn =

bn=2cX
j=0

(�1)j n

n� j

�
n� j
j

�
(MN)

j
(M +N)

n�2j , (n > 0) : (1.4)

In this paper, motivated by the advanced problem, we will consider general
Fibonacci and Lucas numbers, and, related generating matrices, then we derive
more general case of the problem. As consequences of our generalization, we ob-
tain several �nite sums for the sequences fUkng and fVkng : We also derive new
combinatorial identites for the sequences.

2. A Generalization of the Problem

In this section, we present a generalization of the problem mentioned in the
Introduction. De�ne 2� 2 matrices H and R in terms of the matrices A;A�1 and
their nth powers as follows:

H = A+A�1 =
�
1� (�1)k

�
A+ (�1)k VkI (2.1)

and
Rn = A

n +A�n:
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Here clearly H = R1: If we sum the the equations (1.2)-(1.3), we get

Rn =

8<: VknI if n is even,
(Ukn=Uk)H if n is odd and k is odd,

VknI if n is odd and k is even.
(2.2)

Since the eigenvalues of H are �1 and �2; we obtain

Hn =

8<:
�nt I if n is even,

�n�1t H if n is odd,
(2.3)

H�n = Hn��2nt for t = 1; 2:

Theorem 1. For m � 1 and odd k � 1;
m�1X
n=0

2nA2
n
�
A2

n

+ I2
n
��1

= c2mC2m �
1

Vk
(A+ I) ; (2.4)

where

cm =
m

Uk (Vkm � 2)
; Cm =

�
Uk(m+1) � Uk Ukm

Ukm Uk(m�1) � Uk

�
and I is the unit matrix of order two.

Proof. Denote Sm be the sum on the LHS of (2.4). Let W (n) = nAn (An + I)
�1
:

Since det (An + I) = Vkn + (�1)kn + 1; we write

(An + I)
�1
=

1

Uk

h
Vkn + (�1)kn + 1

i � Uk(n�1) + Uk �Ukn
�Ukn Uk(n+1) + Uk

�

and

W (n) = nAn (An + I)
�1

=
n

Uk

h
Vkn + (�1)kn + 1

i " Uk(n+1) + (�1)kn Uk Ukn
Ukn Uk(n�1) + (�1)kn Uk

#
;

where

W (1) =
1

Vk

�
Vk � 1 1
1 �1

�
:

Also

c2C2 �
1

Vk
(A+ I)

=
2

Uk (V2k � 2)

�
U3k � Uk U2k
U2k 0

�
� 1

Vk

�
Vk + 1 1
1 1

�
=
1

Vk

�
Vk � 1 1
1 �1

�
= S1:

Thus, the equality in (2.4) for m = 1 is valid. Let N denote the set of positive
integersm satis�ed the equation (2.4). We have shown 1 2 N: Suppose thatm 2 N:



4 EMRAH KILIÇ1, ILKER AKKUS2, NEŞE OMÜR3, AND YÜCEL T. ULUTAŞ4

Taking u = 2m and by the inductive hypothesis, we get

Sm+1 = Sm +W (u) = cuCu �
1

Vk
(A+ I) +

u

Uk

h
Vku + (�1)ku + 1

i " Uk(u+1) + (�1)ku Uk Uku
Uku Uk(u�1) + (�1)ku Uk

#

=
u

Uk

h
Vku + (�1)ku � 1

i " Uk(u+1) � (�1)ku Uk Uku
Uku Uk(u�1) � (�1)ku Uk

#
+

u

Uk

h
Vku + (�1)ku + 1

i " Uk(u+1) + (�1)ku Uk Uku
Uku Uk(u�1) + (�1)ku Uk

#

� 1

Vk
(A+ I) ;

which after some arrangements equals

=
u

(V2ku � 2)

�
2
�
Uk(2u+1) � Uk

�
2U2ku

2U2ku �2
�
�Uk(2u�1) + Uk

� �� 1

Vk
(A+ I)

= c
2u

�
Uk(2u+1) � Uk U2ku

U2ku Uk(2u�1) � Uk

�
� 1

Vk
(A+ I)

= cuCu �
1

Vk
(A+ I) ;

as claimed. �

Corollary 1. For n � 1 and odd integer k � 1
n�1X
t=0

2t
�
Uk(2t+1) + Uk

�
Uk (Vk2t + (�1)k2t + 1)

=
2n
�
Uk(2n+1) � Uk

�
Uk (Vk2n � 2)

� Vk � 1
Vk

and
n�1X
t=0

2tUk2t

Uk (Vk2t + (�1)k2t + 1)
=

2nUk2n

Uk (Vk2n � 2)
� 1

Vk
:

Proof. The proof follows by equating the entries (1; 1) and (1; 2) of the matrix
equations in (2.4). �

3. Some Miscellaneous Formulæ

In this section we consider the matrix A in (1.1) and then use some known matrix
methods given in [3] to derive some new sums formulæ for the sequences fUkng and
fVkng :

Theorem 2. For n � 0 and k > 0;
nX
j=0

�
n

j

��
�1
Vk

�j
Ukj = �Ukn

V nk
; (3.1)

n�1X
j=0

�
n

j

��
�1
Vk

�j
Ukj =

�
�2Ukn=V nk if n is even,

0 if n is odd.
(3.2)
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Proof. By the characteristic polynomial of matrix A; we write

An =
�
� (�1)k A�1 + VkI

�n
= V nk

nX
j=0

�
n

j

�
(�1)j(k+1) (VkA)�1 : (3.3)

Equating (2; 1)-entries of (3.3) gives the claimed results. �
Theorem 3. For n � 0; odd k > 0 and t = 1; 2;

nX
j=0

�
n

j

��
�2
Vk

�j
Ukj =

8<: (�2)�n�1t

Uk
V nk

if n is odd,

0 if n is even.

Proof. Using (2.1) and (2.2), we get

Hn =
��
1� (�1)k

�
A+ Vk (�1)k I

�n
=

V nk

(�1)kn
nX
j=0

�
n

j

� 
(�1)k � 1

Vk

!j
Aj (3.4)

=
V nk

(�1)kn
nX
j=0

�
n

j

��
�2
Vk

�j
Aj :

From the matrix equality in (3.4) and using (2.3), we have the conclusion. �
Theorem 4. For any integer k and even n;

(t�2)=2X
j=0

�
t

j

�
Vkn(t�2j) = V

t
kn �

�
t

t=2

�
if t is even,

(t�1)=2X
j=0

�
t

j

�
Vkn(t�2j) = V

t
kn if t is odd,

and for m = 1; 2; odd integers k and n;
(t�2)=2X
j=0

�
t

j

�
Vkn(t�2j) =

�
Ukn
Uk

�t
�tm �

�
t

t=2

�
if t is even,

(t�1)=2X
j=0

�
t

j

�
Ukn(t�2j)

Uk
=

�
Ukn
Uk

�t
�t�1m if t is odd.

Proof. From (2.2), we have

Rtn =
tX

j=0

�
t

j

�
An(2j�t):

After some arrangements, we write

Rtn =

8>>>>><>>>>>:

�
t

t=2

�
I +

(t�2)=2X
j=0

�
t

j

�
Rn(t�2j) if t is even,

(t�1)=2X
j=0

�
t

j

�
Rn(t�2j) if t is odd.
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By equating corresponding entries of the matrix equation above, the proof follows.
�

Theorem 5. For n > 0 and even k;

b(n�1)=2cX
j=0

�
n

j

�
Vk(n�2j) =

8<: V nk �
�
n

n=2

�
if n is even,

V nk if n is odd.

Proof. Since VkI = A�1 +A; we write

V nk I =
nX
j=0

�
n

j

�
A2j�n =

8>>>>><>>>>>:

�
n

n=2

�
I +

(n�2)=2X
j=0

�
n

j

�
Rn�2j if n is even,

(n�1)=2X
j=0

�
n

j

�
Rn�2j if n is odd,

which, by equating the corresponding entries and using (1.3),(2.1) and (2.2), gives
us the claimed result. �

Theorem 6. For k > 0; t = 1; 2;
nX
j=0

�
n

j

�
U2kj =

�
�nt Ukn if n is even,

�n�1t (Uk(n+1) + Uk(n�1)) if n is odd.

Proof. From (1.2) and (2.1), we get

(HA)
n
=

�
�nt A

n if n is even,
�n�1t HAn if n is odd.

(3.5)

From (2.1), we have HA = A2 + I and so

(HA)
n
=
�
A2 + I

�n
=

nX
j=0

�
n

j

�
A2j : (3.6)

Equating (2; 1)-entries of (3.6) gives the conclusion. �

Theorem 7. For t = 1; 2;

bn=2cX
j=0

(�1)j n

n� j

�
n� j
j

��
�2t
�bn=2c�j

=

�
Vkn if n is even,

Ukn=Uk if n and k are odd,
(3.7)

and for odd n and even k;

bn=2cX
j=0

(�1)j n

n� j

�
n� j
j

��
�2t
�bn=2c�j

Vk = Vkn:

Proof. By (1.4) and (2.1), we write that for n > 0

Rn =

bn=2cX
j=0

(�1)j n

n� j

�
n� j
j

�
Hn�2j : (3.8)

By equating (1; 1)-entries of (3.8) and by (2.2) and (3.3), the claim is proven. �
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Theorem 8.

Uk(2n+1) + Uk =

�
Uk(n+1)Vkn if n is even or if n is odd and k is even,
UknVk(n+1) if n and k are odd.

Proof. By (3.8), we have

A2n + I = An
�
An +A�n

�
= AnRn

=

bn=2cX
j=0

(�1)j n

n� j

�
n� j
j

�
AnHn�2j : (3.9)

The proof follows by equating (1; 1)-entries of (3.9) and from (3.7). �

The matrix equation

Mn +Nn = (M +N)
nX
j=1

(�1)j�1Mn�jN j�1 (3.10)

is valid if MN = NM and n is odd.
The matrix equation

nX
j=0

M j =
�
Mn+1 � I

�
(M � I)�1 (3.11)

is valid if all eigenvalues of M are di¤erent from 1.

Theorem 9. For positive odd integers n and k;

Ukn
Uk

=

(n�1)=2X
j=1

(�1)j�1 Vk(n�2j+1) + (�1)(n�1)=2 :

Proof. By (3.10), we write

Rn = Mn +M�n =
�
M +M�1� nX

j=1

(�1)j�1Mn�2j+1

= H
nX
j=1

(�1)j�1Mn�2j+1 = H

0@(�1)(n�1)=2 I + (n�1)=2X
j=1

(�1)j�1Rn�2j+1

1A :
From (2.2), we have that for odd n;

Rn = (�1)(n�1)=2H +H

(n�1)=2X
j=1

(�1)j�1 Vk(n�2j+1)I: (3.12)

The proof follows by equating (1; 1)-entries of (3.12). �

Theorem 10. For odd n and any integer k;

(n�1)=2X
j=0

�2jt
�
Uk(2j+3) + 2Uk(2j+1)

�
= �n+1t Ukn + (�1)k Uk; t = 1; 2:
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Proof. By (3.11),(2.1) and (3.5), we write for odd n,
nX
j=0

(HA)
j
=

�
Hn+1An+1 � I

�
(HA� I)�1 =

�
Hn+1An+1 � I

�
A�2(3.13)

=
�
�n+1t An+1 � I

�
A�2:

Again, by (2.1) and (3.5), the LHS of (3.13) can be rewritten as

nX
j=0

(HA)
j
=

(n�1)=2X
j=0

�2jt
�
A2j +HA2j+1

�
=

(n�1)=2X
j=0

�2jt
�
A2j+2 + 2A2j

�
; t = 1; 2:

(3.14)
Equating (1; 1)-entries of RHS of (3.13) and (3.14), the proof follows by (1.3). �

4. Some Congruence Properties

Now we present some congruence properties of fUkng and fVkng by using (3.7).
If p > 2 is a prime, then from (3.7), we write for t = 1; 2;

Ukp
Uk

= �p�1t +

(p�1)=2X
j=1

(�1)j p

p� j

�
p� j
j

�
�p�1�2jt : (4.1)

Note that the sum on the RHS of (4.1) is divisible by p and we write

Ukp
Uk

� �p�1t (mod p) :

Equivalently, we can state that (Ukp=Uk) � 0 (mod p) if �2t � 0 (mod p) while
(Ukp=Uk) � 1 (or �1) (mod p) if �2t is (is not) a quadratic residue modulo p:
For positive odd integer n, we rewrite (4.1) as for odd integers n and k,

Ukn
Uk

= (�1)
n�1
2

2n

n+ 1

�
(n+ 1) =2

(n� 1) =2

�
+

(n�3)=2X
j=0

(�1)j n

n� j

�
n� j
j

�
�n�1�2jt (4.2)

= n (�1)
n�1
2 +

(n�3)=2X
j=0

(�1)j n

n� j

�
n� j
j

�
�n�1�2jt .

From (4.2), the following congruence is derived for odd integers n and k;

Ukn
Uk

� n (�1)
n�1
2
�
mod �2t

�
.

Using the same procedure, for even integer n and any integer k; we get

Vkn � 2 (�1)
n
2
�
mod �2t

�
:
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